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Abstract
Portable frequency references are crucial for many practical on-site applications, for
example, the Global Position System (GPS) navigation, optical communications, and remote
sensing. Fiber laser optical frequency combs are a strong candidate for portable reference
systems. However, the conventional way of locking the comb repetition rate, frep, to an
RF reference leads to large multiplied RF instabilities in the optical frequency domain. By
stabilizing a comb directly to an optical reference, the comb stability can potentially be
enhanced by four orders of magnitude. The main goal of this thesis is to develop techniques
for directly referencing optical frequency combs to optical references toward an all-fiber
geometry.
A big challenge for direct fiber comb spectroscopy is the low comb power. With an
89 MHz fiber ring laser, we are able to optically amplify a single comb tooth from nW
to mW (by a factor of 106) by building multiple filtering and amplification stages, while
preserving the comb signal-to-noise ratio. This amplified comb tooth is directly stabilized
to an optical transition of acetylene at ∼ 1539.4 nm via a saturated absorption technique,
while the carrier-envelope offset frequency, f0, is locked to an RF reference.
The comb stability is studied by comparing to a single wavelength (or CW) reference
at 1532.8 nm. Our result shows a short term instability of 6 × 10−12 at 100 ms gate
time, which is over an order of magnitude better than that of a GPS-disciplined Rb clock.
This implies that our optically-referenced comb is a suitable candidate for a high precision
portable reference. In addition, the direct comb spectroscopy technique we have developed
opens many new possibilities in precision spectroscopy for low power, low repetition rate
fiber lasers.
For single tooth isolation, a novel cross-VIPA (cross-virtually imaged phase array) spec-
trometer is proposed, with a high spectral resolution of 730 MHz based on our simulations.
In addition, the noise dynamics for a free space Cr:forsterite-laser-based frequency comb
are explored, to explain the significant f0 linewidth narrowing with knife insertion into the
intracavity beam. A theoretical model is used to interpret this f0 narrowing phenomenon,
but some unanswered questions still remain.
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example, the Global Position System (GPS) navigation, optical communications, and remote
sensing. Fiber laser optical frequency combs are a strong candidate for portable reference
systems. However, the conventional way of locking the comb repetition rate, frep, to an
RF reference leads to large multiplied RF instabilities in the optical frequency domain. By
stabilizing a comb directly to an optical reference, the comb stability can potentially be
enhanced by four orders of magnitude. The main goal of this thesis is to develop techniques
for directly referencing optical frequency combs to optical references toward an all-fiber
geometry.
A big challenge for direct fiber comb spectroscopy is the low comb power. With an
89 MHz fiber ring laser, we are able to optically amplify a single comb tooth from nW
to mW (by a factor of 106) by building multiple filtering and amplification stages, while
preserving the comb signal-to-noise ratio. This amplified comb tooth is directly stabilized
to an optical transition of acetylene at ∼ 1539.4 nm via a saturated absorption technique,
while the carrier-envelope offset frequency, f0, is locked to an RF reference.
The comb stability is studied by comparing to a single wavelength (or CW) reference
at 1532.8 nm. Our result shows a short term instability of 6 × 10−12 at 100 ms gate
time, which is over an order of magnitude better than that of a GPS-disciplined Rb clock.
This implies that our optically-referenced comb is a suitable candidate for a high precision
portable reference. In addition, the direct comb spectroscopy technique we have developed
opens many new possibilities in precision spectroscopy for low power, low repetition rate
fiber lasers.
For single tooth isolation, a novel cross-VIPA (cross-virtually imaged phase array) spec-
trometer is proposed, with a high spectral resolution of 730 MHz based on our simulations.
In addition, the noise dynamics for a free space Cr:forsterite-laser-based frequency comb
are explored, to explain the significant f0 linewidth narrowing with knife insertion into the
intracavity beam. A theoretical model is used to interpret this f0 narrowing phenomenon,
but some unanswered questions still remain.
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Chapter 1
Introduction
Throughout history, humankind has ceaselessly pursued improved methods of timekeeping.
From the earliest solar time scale in the Middle Ages, which uses the rotation of the earth to
determine time, to the invention of the pendulum and wrist watches in early 20th century,
until today’s atomic clock, the accuracy of time measurement has increased incredibly by
over fifteen orders of magnitude.
Although personal watches seem to be accurate enough for common people’s daily life,
and the need for keeping time to an accuracy of one second over 100 million years is not
obvious, the precision in time is actually crucial for many daily activities of the general
public, and also plays a vital role in current scientific investigations, which I will address
in the following Sections 1.1.1 and 1.1.2. Without realizing it, the ability for more precise
time measurement has greatly influenced the progress of advanced techniques and led to
many exciting scientific discoveries, which in turn has enabled the development of better
clocks that can be used to explore new scientific frontiers. In this Chapter, I will first
introduce the close relationship between time and frequency standards, followed by some
motivations for the obsession of researchers in frequency metrology with the ever-increasing
frequency accuracy. As more and more applications of frequency standards described below
are close enough to impact our daily life, portable frequency references that are accurate and
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precise have become more and more important in these applications. Next, I will introduce
a new generation of frequency standards in the optical frequency domain, which potentially
have stability over four orders of magnitude better than our current microwave standards.
Progressing through this Chapter, the need for an optical frequency comb to realize these
optical standards will become clear. We will then take a glance at the current state of the
art frequency combs, and see how the accuracy and precision of a standard improves as
the system becomes more complex. Finally, I will introduce the general procedures and
techniques of how to realize these frequency standards. These guidelines will be integrated
more specifically in later Chapters as I discuss how we built portable optical frequency
references.
1.1 Introduction to Frequency References
1.1.1 Relationship between Time and Frequency
The heart of a clock relies on certain physical processes that can provide a periodic “tick”. A
good example would be quartz crystal oscillators, which are inside most wrist-watches and
household clocks. By counting the number of ticks over a certain time period, the duration
of a time interval can be measured. Frequency is defined as the inverse of a time interval.
By counting the number of “ticks” per second, we can measure frequency. A frequency
reference refers to a device that can produce this periodic “tick”, such as the quartz crystal
oscillator. An important quantity to evaluate the quality of a frequency reference is the
fractional uncertainty, which is given by the ratio between the uncertainty in the measured
frequency and its nominal frequency.
σν =
δνmeasured
νnominal
(1.1)
Among the seven basic SI units listed in Table 1.1 [14], time interval and frequency are
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SI Base Unit Physical Quantity Uncertainty
Second Time interval 1 × 10−15
Meter Length 1 × 10−12
Kilogram Mass 1 × 10−8
Ampere Electric current 1 × 10−8
Mole Amount of substance 1 × 10−8
Kelvin Temperature 1 × 10−7
Candela Luminous intensity 1 × 10−4
Table 1.1: Uncertainties of the seven base SI units [14].
now the most precisely measurable quantities. For this reason, many physical parameters
are preferred to be read out by frequency measurement for the best attainable precision.
Therefore, the uncertainty of a frequency measurement has a direct impact on the measure-
ment resolution in these experiments. In the following section, a few applications of high
precision frequency references will be given. Although these applications are from different
areas, they all share one thing in common, that is, improving the precision of the refer-
ences used in these experiments is the key to improving the measurement resolution in their
research areas, which after all enhances the capability of discovering the finest details of
nature.
1.1.2 Motivations for Precise Frequency References
The fact that the second is currently the most accurately measured unit leads to the first
application I would like to talk about here. That is, the definition of many other units have
been changed based on the definition of the second. The current definition for the second
is based on the Caesium atomic clock, which is the time duration of 9,192,631,770 cycles of
oscillation corresponding to the transition between the two hyperfine levels of the ground
state of the Cs atom. In 1983, the meter was redefined as the distance travelled by light
in a time interval of 1/299,792,458 of a second. Other units like ampere and volt also rely
on the definition of the second. One of the proposed definitions for the kilogram is also
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based on the second [15]. Because of the reliance on time for the definition of several units,
the ability to achieve highly accurate time and frequency measurements becomes extremely
important.
A second application is that a high precision frequency reference enables the capability
to test some of the foundations of physics, such as the search for variations of fundamental
constants on a cosmological time scale. Experimental results may be found to be in violation
of Einstein’s equivalence principle and may imply spatial and temporal dependencies of the
fundamental coupling constants. These topics are exciting to physicists because they may
open a window for new physics towards a deeper theoretical understanding. For example,
the comparisons between current optical clocks in the laboratory put an new upper bound
on the relative variation of the fine structure constant α having an uncertainty of ∆α/α ∼
10−17/yr [16]. However, recent astrophysical observations suggests an observable variation
of 10−19/yr in the laboratory [17]. A new generation of optical clocks will be necessary to
observe this effect.
Astronomical physicists have particular interests in high precision frequency references
for wavelength calibration [18]. In the search for extrasolar planets, the presence of the
planet can be confirmed by the variations in the radial velocity of the star with respect
to earth. Since this radial velocity can be deduced from the shift of the parent star’s
spectral lines due to the Doppler effect, wavelength calibration for astronomical telescopes
is essential to detect subtle displacements for the spectral lines. Highly precise calibration
is also beneficial for direct measurements of expansion of the universe, which can be made
by observing the real time evolution of the spectral line shift from distant objects.
An important application for precise frequency measurement is the Global Positioning
System (GPS). The GPS system uses 24 satellites that orbit the earth to transmit signals.
A GPS receiver on earth that receives signals from multiple satellites can determine its
distance to each satellite by comparing the frequency of the received signals to the receiver’s
internal frequency reference, thereby pinpointing its exact location on earth. GPS plays
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an essential role in numerous scientific fields. Geological scientists use GPS for digitally
mapping the geological features of the earth. Information such as crustal deformations and
continental drifts can be obtained and analyzed. GPS helps civil engineers to monitor any
changes of manmade structures over time and do land surveys. GPS has proved particularly
effective for the navigation of ships, airplanes, and even family cars. It is crucial to have
a highly accurate GPS during sea rescue operations and in situations such as Antarctic
expeditions where navigating by traditional landmarks is impossible. The current GPS
signal in space provides an accuracy of at least 7.8 meters at a 95 % confidence level [19].
In a foreseeable future, the accuracy can be improved to be within a few centimeters for
real-time positioning, and even reach the millimeter level if longer averaging time is allowed.
This level of precision will stimulate a lot more applications, such as automatic guiding of
a personal vehicle on the road without direct human guidance.
Frequency references have many more military applications [20,21]. In a modern battle,
positive identification of friend and foe (IFF) is critically important when the sky is filled
with aircraft from both sides. Current IFF systems spread encoded interrogation signals for
identification recognition. The interrogation signal received by a friend is supposed to result
in the “correct” code sent back. The “correct” code must change frequently to prevent a
foe from recording and transmitting that code (so-called “repeat jamming”) and appearing
as a friend. The better the clock accuracy, the shorter time it takes for changing the code,
the less vulnerable the system is to repeat jamming. Similar requirements exist in electronic
warfare applications. One method of locating radio and radar emitters is to measure the
time difference of arrival of the same signal at widely separated locations. This method
depends on the availability of highly accurate clocks, and on highly accurate methods of
synchronizing clocks that are widely separated.
Telecommunication industry is another application that has an impact on the life of
a common person, which relies on accurate frequency references. This covers all forms
of distant communications, such as radio, television, telephony, mobile phone, and com-
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puter networking. Current optical communication systems convert the original information
(voice, music video, or data) into electronic signals at different frequencies. For a maximum
transmission capacity, dense wavelength division multiplexing (DWDM) is implemented to
transmit signals through multiple frequency channels over a single optical fiber. Frequency
references ensure the signal frequencies are measured correctly and are packed into their cor-
responding channels. The size and spacing of these frequencies (or channels) are determined
by the international telecommunication union (ITU). For instance, the ITU-T G.694.1 fre-
quency grid covers the frequency range 191.7 THz to 196.1 THz with 100 GHz spacing.
An improvement in the current telecom frequency references potentially narrows the cur-
rent channel spacing, therefore allowing more channels to be added to the ITU wavelength
bands, allowing a larger data transmission capacity.
Among the numerous applications of frequency references, only a few are listed above.
Although the high performance standards such as the Cs atomic clock offer great stability
and accuracy, these systems are usually complex and expensive and therefore not very
useful for many practical on-site measurements. In this case, the development of a portable
frequency reference with comparable performance is necessary. The goal of this work is
to develop a fiber-based optical frequency reference system with combined features of high
precision and portability. But before we talk about how to realize this fiber-based system,
it is necessary to know some basic concepts about frequency references, which is what I
describe next.
1.1.3 Characterization of References
A perfect frequency reference should repeatably and reliably produce oscillations as an ideal
sine wave. The frequency of this sine wave is called the nominal frequency of this reference.
A frequency reference can be characterized in two respects, namely, stability and accuracy.
stability refers to how well the reference can produce the same frequency signal over a given
time interval. Accuracy is the degree of conformity of a measured or calculated value to
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its definition [14]. Stability of a reference does not tell whether the frequency is right or
wrong, but only indicates whether it is consistent when being measured multiple times. In
contrast, accuracy of a references indicates how well can it be set to a particular frequency.
Accuracy of a frequency source can be measured in either the frequency domain or the
time domain. A common frequency domain measurement involves frequency counters which
can directly measure the frequency by comparing with their internal (or external) frequency
references. The accuracy of the frequency source is determined by
Accuracy =
νmeasured − νnominal
νnominal
(1.2)
Similarly, accuracy measurements in the time domain involve a phase comparison over a
certain time period between the source and the reference. It is given by
Accuracy =
∆t
T
(1.3)
where ∆t is the amount of deviation in time between the source and the reference, and T is
the time period for the measurement.
Stability is the statistical estimation of the frequency/time fluctuations with respect to
its mean frequency/time offset. It also can be measured in both frequency domain and time
domain [22], while the time domain estimates are more widely used.
There are mainly two characterization methods in the time domain. One is to measure
the phase noise spectrum by integrating over a range of Fourier frequencies, which reveals
the phase deviation within that interval with respect to the starting point. The integrated
phase noise represents the coherence of the source.
The other method involves how the frequency fluctuations of the reference vary as a
function of time. Frequency counters with certain sampling gate time are often used to
measure the frequency of the source in this type of measurement, giving a set of frequency
measurements yi that consists of n number of individual frequency measurements, y1, y2,
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y3 ... yn. Classical statistics such as standard deviation can be used to measure scatter
of the yi’s as a measure of oscillator noise. But a more commonly used method is named
Allan deviation, which is what we use to characterize our reference in this work. It differs
from the standard variance in that the point to point deviations are analyzed instead of the
deviations from the mean, and can be expressed as
σy(τ) =
√√√√1
2
N∑
n=1
(yn+1 − yn)2 (1.4)
where yn+1 and yn are two adjacent data points taken at time t and t+τ , with τ the sampling
gate time, assuming no electronics dead time for the frequency counter. For averaging times
that are integer multiples of τ , denoted as mτ , the Allan deviation can be either directly
measured or calculated by forming a new set of N/m frequency values from the original set
of N values. This is done by dividing the original data into N/m adjacent subsets of data.
Each subset gives an average frequency value forming one data point in the new set of N/m
frequency values. The fractional uncertainty of the frequency reference under test can then
be given by
FS =
σy(τ)
νnominal
(1.5)
Figure 1.1 shows an example of a frequency stability plot for a quartz crystal oscillator
in wristwatches based on Allan deviation. It shows an improvement in the stability as
the averaging period, or gate time, gets longer. This is because some types of noise can
be removed by averaging. Eventually, the stability will reach the noise floor when further
averaging no longer improves the results. The Allan deviation stability plot is useful for
frequency reference characterization because it reveals what type of noise contributes to the
system [3, 23], and also how long we need to average to get rid of the noise. For example,
if σy(τ) ∝ τ−1 then white phase noise is dominant in the system. Whereas, σy(τ) ∝ τ−1/2
indicates white frequency noise is dominant. However, it always takes a short period of time
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for the system to respond before it takes the next measurement, which is defined as dead
time. For example, the frequency counter we used in our lab has a typical dead time of 24
ms for an one second gate time measurement. For a reliable indication, it is important that
there should be no dead time between the successive frequency data measurements, because
dead time destroys the coherence between consecutive frequency measurements.
Figure 1.1: Frequency stability plot of quartz crystal oscillator in wristwatches [1].
Another important concept is short-term and long-term stability. Short-term stability
refers to the stability for gate times less than 100 s. Long-time stability is for gate time
longer than 100 s, and often even more than 24 hours. The short-term stability is important,
especially for portable frequency references when some on-site measurements cannot take
advantage of averaging over long periods of time.
It is evident that reducing the fractional uncertainties of current frequency references is
crucial in many fields. Currently, the second is defined based on the hyperfine splitting of
the Cs atom with a resonance frequency of about 9 GHz, with an uncertainty on the order
of 10−16. The next generation of clocks will be orders of magnitude better than the current
Cs standard at least in terms of stability, as I will talk about in the next section.
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1.1.4 From Microwave to Optical References
An obvious way to improve the fractional frequency uncertainty, δν/νnominal, is to use a
transition with a higher frequency νnominal, assuming comparable uncertainty δν. A Cs
atomic reference is based on a GHz microwave transition. If the definition could move to
an optical frequency, which is in the terahertz (> 100 THz) range, the uncertainty of the
optical frequency references could potentially be reduced by at least four orders of magnitude
over the Cs atomic reference, under the condition that the center of the transition can
be determined with comparable uncertainty. Such an optical frequency reference can be
developed by stabilizing a laser to an optical frequency transition or an optical cavity.
Figure 1.2: Fractional frequency uncertainty of selected microwave and optical frequency
standards versus time [2–5].
Figure 1.2 shows the development of the fractional frequency uncertainty for both mi-
crowave references and optical references as a function of time. It is noticeable that only a
few measurements were made at frequencies greater than 100 THz prior to the year 1990. It
was not until the year 2000 when the femtosecond laser frequency comb was invented that
the measurements for optical references became commonplace.
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The major obstacle for developing optical frequency references in the early days comes
from the frequency readout system. Unfortunately, the response of electronics, i.e. in
a frequency counter, is limited to the ns level, corresponding to a maximum measurable
frequency of up to only a few GHz. This allows for direct electronic counting of microwave
signals, but is not fast enough to keep up with the optical frequency oscillations (THz).
This means that a phase-coherent link must be invented to connect the optical frequencies
to the measurable microwave frequencies.
For this reason, harmonic phase-locked frequency chains [2] were invented. Successive
steps of frequency multiplication and offset-locking are created to phase-coherently link
the optical frequency oscillators to the harmonics of lower-frequency references. One can
imagine the technical difficulties in optimizing locks for up to 15 separate frequency offsets
simultaneously in the chain, which requires rooms of equipment and also experts that master
a variety of technologies for different wavelengths. In the end, these efforts only result in the
measurement of one specific optical frequency. This is partly because some of the oscillators
in the chain have limited tunability. It is also because of the difficulty in operating such
a complex chain. Due to the system complexity, a limited number of chains were built in
national labs across the world, covering only a few discrete frequency lines in the optical
spectrum [24–27].
Other approaches have been developed to measure optical frequencies [28]. One relies on
difference-frequency generation, which involves dividing the optical frequency into smaller
portions that can be measured. Another method is related to the generation of a 30 THz
wide optical frequency comb by modulating an intracavity electro-optic modulator (EOM).
However, this method suffers from the limited comb bandwidth due to cavity dispersion and
modulation efficiency.
Thanks to the advances in laser science and nonlinear fiber optics, the first phase-
stabilized optical frequency comb was realized from a mode-locked Ti:sapphire laser by
J. L. Hall’s group at JILA in 2000 [29]. This major progress is because of the invention
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of a specially designed highly nonlinear fiber that could broaden the laser spectrum to a
full optical octave, allowing the generation and stabilization of the carrier-envelope offset
frequency of the comb. At the same time, Bellini and Ha¨nsch demonstrated for the first
time that two white-light continuum pulses from a mode-locked laser can generate interfer-
ence fringes, indicating a phase-coherent relationship between comb teeth from mode-locked
lasers [30].
The realization of an optical frequency comb provides a direct link between optical
and microwave frequencies, which is a milestone in the development of optical frequency
references. Due to their contributions, Hall and Ha¨nsch were together awarded half the
Nobel prize in 2005. Since then, phase-stabilized mode-locked lasers based on fibers have
been demonstrated [31], which will allow the frequency comb to move out of the laboratory
into commercial devices. In the following section 1.2, I will introduce what a frequency
comb is and the performance for some of the state of the art combs.
1.2 Introduction to Optical Frequency Combs
1.2.1 Basics of Frequency Combs
Before we introduce frequency combs, let’s first take look at the difference between a con-
tinuous wave, or CW laser, and a pulsed laser in two different representations: both the
time and frequency domain, which are related by the Fourier transform (Figure 1.3). A CW
laser is a single frequency laser, and has constant power output versus time. In contrast, a
pulsed laser is a train of regularly separated pulses with certain spectral bandwidth. For a
given average power, the shorter the pulses are, the higher the peak power of the pulses.
A frequency comb is a phase-stabilized pulsed laser. The constant time separation be-
tween successive pulses is the round trip time for the laser cavity. In the frequency domain,
it is a spectrum of discrete frequencies, which are cavity modes satisfying certain boundary
conditions [32]. These modes are separated by a consistent spacing, namely, the repetition
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Figure 1.3: Comparison of output power for a continuous wave (CW) laser and a pulsed
laser in time and frequency representations.
rate frep in a plot of the comb spectrum (lower right quadrant of Figure 1.3). Each frequency
is referred to as a distinct comb mode, or comb tooth. The name “frequency comb” comes
from the fact that the comb modes resemble the teeth of a comb.
In order to produce a periodic train of pulses, the cavity modes need to have a constant
phase relationship, such that they can all interfere with each other constructively at certain
times. This is essentially called mode-locking. In contrast, with a random phase relationship,
all cavity modes will oscillate independently giving a constant CW output. This idea is
illustrated in Figure 1.4. n represents the number of cavity modes that are coherently
added up. A larger n corresponds to a larger spectral bandwidth of the comb. It is clear to
see that the pulse duration is inversely proportional to the spectral bandwidth.
The frequency comb in a frequency domain is shown in Figure 1.5. The frequency of
each comb tooth can be determined by the comb equation
νn = n× f rep + f0 (1.6)
where f0 is the carrier-envelope offset frequency, which originates from the pulse to pulse
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Figure 1.4: Amplitude of electric field (top) and intensity (bottom) as a function of time
when n number of cavity modes are added up coherently.
electric field phase slip between the carrier and envelope [32]. n must be a large integer for
fn to reach optical frequencies. For telecom wavelengths around 1.5 µm, n is on the order
of 2,000,000 for a rep rate frequency of 100 MHz.
A phase-stabilized frequency comb requires the stabilization of two comb parameters: f0
and frep. Both f0 and frep can stabilized directly to RF references, but in our work frep is
stabilized by locking a single comb tooth fn to an optical reference. frep can be determined
easily by detecting the laser pulse train on an RF photodetector. The generation of the f0
signal is a little bit tricky. A common method is the self-referencing technique. It involves
three steps depicted in Figure 1.5: first, generation of an octave-spanning spectrum (or
the so-called supercontinuum, SC) from the fiber laser. Second, frequency-doubling a comb
tooth in the long wavelength portion (fn = f0 + nfrep) of the SC. Third, optical heterodyne
beating the frequency-doubled signal (f2n = 2f0 + 2nfrep) against another comb tooth in
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Figure 1.5: Self-referencing technique for f0 stabilization for an optical frequency comb.
the short wavelength portion (f2n = f0 + 2nfrep) to produce the desired f0 signal. Since
every tooth can be precisely known based on the two stabilized comb parameters, a phase-
stabilized frequency comb can serve as a spectral ruler for measuring any unknown optical
frequencies.
1.2.2 State of the Art Combs
To evaluate the frequency stability of an optical frequency comb, it is important to keep in
mind that the stability of a comb depends on that of the references being used for comb
stabilization. Table 1.2 lists a few state of the art or commonly used oscillators for comb
stabilization.
The general trend in terms of cost and portability shown in Table 1.2 is that references
with better stability are more expensive and less portable. The technologies for microwave,
or RF, references have been well-developed in the past few decades. Caesium fountain clocks
have the best performance in terms of both accuracy and stability and thereby serve as the
primary standard of time and frequency. Cryogenic sapphire oscillators (CSOs) [39] are
currently the most stable microwave frequency sources for short time scales. Optical lattice
clocks based on single ion or neutral atoms have stability surpassing that of a Cs clock,
but worse accuracy. Therefore, they were announced to be “secondary representations of
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Oscillator Type Nominal
Frequency
Stability in 1 s Ref Cost Portability
Quartz Wristwatch RF 1 × 10−9 [1] $ 100 FFFFF
Rubidium RF 5 × 10−11 [1] $ 5 k FFF
Hydrogen maser RF 1 × 10−12 [1] $ 250 k FFF
Caesium fountain RF 4 × 10−16 [33] $ 50 k F
Cryogenic sapphire RF 2 × 10−16 [34] $ 250 k F
Ion/neutral atoms Optical 8.6 × 10−18 [35] $ >250 k F
High performance
optical cavity
Optical 1 × 10−17 [36] $ >250 k FF
Acetylene-filled
power build up cavity
Optical 1 × 10−11 [37] $ >70 k FFF
Gas-filled fiber cell Optical 1 × 10−12 [38] N/A FFFF
Table 1.2: Stability of a selection of references.
the second” by CIPM in 2006 [32]. Optical cavities have proven to have excellent stability
approaching the thermal noise limit [36]. However, all these systems mentioned have their
own requirements which restrict their implementation to laboratory environments. For
example, the Cs atom and sapphire crystal need to be cooled to a temperature close to
absolute zero, and optical cavities require isolation from thermal and acoustic noise. These
requirements make them less appealing for a portable system.
In our lab, we have chosen a commercial GPS–disciplined Rb clock as an RF reference,
which has the short-term stability of a Rb atomic clock and long-term stability of the GPS
satellite network. A GPS-Rb reference is a good candidate for a portable frequency comb
in terms of stability and cost, but it needs to be in contact with several satellites and it
takes a few days to achieve maximum stability and accuracy. In contrast, an acetylene-
filled CW fiber reference, a fiber-based system developed in our group [40], offers both good
short-term and long-term stability without accessing the GPS network. The experimental
details and performance of such a CW reference is further addressed in Chapter 2. An
integrated version of this CW reference using two solid-core fibers on both ends to trap low
pressure acetylene inside hollow-core fiber, namely the fiber cell reference, further improves
the portability with compromised stability performance [38]. This type of design could serve
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as the ideal optical reference for a portable comb system.
Current frequency combs can be classified into two categories based on the types of laser:
solid-state and fiber-based laser frequency combs. The stability of a few state of the art
combs in both categories are listed in Table 1.2.2. Ti: Sapphire laser-based frequency combs
are so far the gold standard exhibiting the best performance in terms of frequency stability,
f0 linewidth, and accumulated carrier-envelope phase fluctuations, etc. One drawback of
Ti: Sapphire combs is that the laser spectrum is centered at around 800 nm and does not
extend into the telecommunications wavelength, which is around 1550 nm. Although telecom
wavelengths can be frequency doubled into the Ti: Sapphire band, such implementation is
not suitable for a portable system.
Fiber-based lasers have the advantages of being compact and more portable, alignment
free, and less expensive with low power assumption compared with solid-state systems. Gain
fibers doped with various rare earth elements cover a wide spectral range from near-infrared
to the mid-infrared (1 - 3 µm). At telecom wavelengths, erbium-doped fiber lasers have
been demonstrated to have sub-mHz linewiths [48], with stability comparable to Rubidium
oscillators. Therefore, an erbium-doped fiber frequency comb is an ideal source for a portable
optical frequency reference.
The goal of this project is to build a portable optical frequency reference system in the
telecom wavelength ( ∼ 1.5 µm). An erbium-doped fiber laser frequency comb is an excellent
candidate to fit into a portable system. Since the ultimate performance of the frequency
comb is set by the stability of its reference standard used for comb stabilization, the refer-
ence(s) for the comb also demand both high stability and portability. From Table 1.2, the
most stable references are the most expensive and least portable. Therefore, compromises
need to be made among the stability, portability and cost. The acetylene-filled fiber cells
can serve the purpose of a portable and stable optical reference for the erbium-doped fiber
laser frequency comb. In this work, as an initial step for this portable system, an erbium-
doped fiber comb is optically referenced to an acetylene-filled vacuum-chamber-based CW
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Laser Stabilization Method Optical stability Compared to Year Ref
Ti: S tooth→CW ref@657 nm(a)
f0→RF
6×10−17@1 s
(900 nm)
Dual comb beat(d) 2004 [41]
Ti: S tooth→CW ref@657 nm(a)
f0→RF
10−19@ 1×104 s CW ref@657 nm(e) 2007 [42]
Ti: S tooth→atomic ref@780 nm(b)
frep→H maser
7×10−12@1 s
(800 nm)
Dual comb beat(d) 2009 [43]
Er
comb
tooth→CW ref@1550 nm(a)
f0→RF
5×10−18<100 s
(1200-1720 nm)
Dual comb beat(d) 2006 [44]
Er
comb
frep→CSO(c)
f0→H maser
6×10−14<100 s CW ref@778 nm(e) 2007 [34]
Er
comb
tooth #1→CW ref@1550 nm(a)
tooth #2→CW ref@1535 nm
5×10−15@1 s
(1536 nm)
Dual comb beat(d) 2008 [45]
Er
comb
tooth→CW ref@578 nm(a)
f0→RF
3.7×10−16@1 s slave CW laser(f)
@1064 nm
2010 [46]
Er
comb
tooth→CW ref@1062 nm(a)
f0→RF
6.7×10−16@1 s CW ref@1542 nm(e) 2014 [47]
Table 1.3: Stability of a selection of optical frequency combs.
(a) Locking is achieved by stabilizing the heterodyne beatnote between the comb and the
CW ref to an RF reference. (b) Locking is achieved by direct stabilization of a comb tooth to
an atomic transition. (c) Cryogenic Sapphire Oscillator with stability of 1×10−14 at 1 s gate
time. (d) Two combs are stabilized in the same way. By performing dual comb heterodyne
beat, the optical stability at certain wavelength is the RF beatnote linewidth divided by
the nominal frequency of the comb tooth involved in the heterodyne beat. (e) The optical
stability is the RF beatnote linewidth between the comb and the CW ref laser divided by
the nominal frequency of the CW ref. (f) Two combs are stabilized in the same way. A slave
laser is phase locked to one of the two combs, and heterodyne beat against the other comb.
The optical stability of the second comb is measured by the beatnote linewidth divided by
the nominal frequency of the slave laser.
fiber reference (Chapter 4). The vacuum chambers could eventually be replaced by an
acetylene-filled fiber cell (Chapter 7.2).
1.3 Introduction to the Techniques
Free-running lasers usually have large intrinsic noise, and are not suitable for being a fre-
quency reference directly. Therefore, we need to “lock” the laser frequency to an external
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reference which gives a frequency signal with high stability and accuracy. The ultimate per-
formance of the laser is determined by the external reference(s) being used in the system.
Laser stabilization is a fairly complex topic. In general, there are two types of locking:
frequency lock and phase lock. The former involves the frequency stabilization of a laser
to a fixed value. However, the laser linewidth remains the same as the intrinsic linewidth.
Phase locking gives a more rigorous lock by precisely controlling the phase of the electric
field. The resulting laser linewidth can be reduced to the sub-Hz level from a MHz diode
laser [49,50]. Both locking techniques are used in our system, and will be discussed in later
chapters. In this section, we will be mainly focused on a general description of the multiple
steps needed for laser stabilization. Our goal here is to familiarize the reader with some
of the terminologies. A more detailed description of each step will be further explained in
Section 2.6, 4.4 and 4.5.
Figure 1.6: Schematic of laser frequency stabilization feedback loop.
The topic of laser stabilization itself is embedded in a much larger field of “Control
Theory”, which is of great interest to engineers for controlling physical systems, for example,
the cruise control feature on a car. The key point is to create a physical mechanism that
gives proper corrections to the target when it deviates from the set point. Usually, this
is called a servo system, or a feedback loop. The structure of a general laser frequency
stabilization feedback loop is depicted in Figure 1.6, which includes several parts: (1) the
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target, in our case is the laser frequency, which is something we want to control; (2) an
actuator, which changes the state of the target. For precise frequency control, the actuator
varies depending on different laser systems. It could be a piezoelectric transducer (PZT) of
a fiber laser [40], or the pump current of a diode laser [51], or the end mirror of a filtering
cavity [52], all of which should able to change the laser’s frequency; (3) the error signal
for locking, or frequency discriminator. This electronic error signal is created by comparing
the instantaneous laser frequency with a frequency reference, and is proportional to the
difference between the two frequencies, and usually has the phase information to tell which
direction the laser is deviating from the reference. Therefore, the error signal usually has
an odd symmetry; and (4) the servo, or the loop filter, which is a high-bandwidth low noise
electronic amplifier. The gain of the servo is properly designed, such that when the error
signal is amplified by the servo and fed back to the laser actuator, the frequency noise of the
free-running laser can be greatly suppressed. The purpose of the feedback loop is to correct
the laser frequency, with respect to the reference, within the servo electronic bandwidth.
Once we decide which reference the laser locks to, in order to reach optimal results,
one has to make the best choices for all system parameters. This includes the choice of
frequency discriminator and actuator, and design of the servo that fits into our system. In
the following paragraphs, we will talk about each of these steps one by one. For each step,
we will describe briefly the pros the cons for some of the common options.
1.3.1 Choosing the Reference
There are multiple options for an optical reference to which a laser can be locked, such
as ultra-stable optical cavities or interferometers, trapped ions or neutral atoms. Both
offer good short term stability, but the systems are expensive and bulky, and thus not
very portable. A less expensive and potentially more portable option is to lock a laser to
a natural resonance, i.e. an atomic or molecular transition, which gives good long-term
stability. For the telecommunication industry, a few molecular gases have been used for
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wavelength referencing, as shown in Figure 1.7.
Figure 1.7: Common gases for referencing the wavelengths for telecommunication industry
[6, 53–58]
Acetylene has a series of well separated overtone transitions that conveniently occur
in the 1500-1600 nm range. These transitions (for both 12C2H2 and
13C2H2) have strong
absorption strengths and one has been selected by BIPM (Bureau International des Poids
et Mesures) as a wavelength reference in the near infrared. In our work, we choose to use
12C2H2. The spectrum of ν1+ν3 overtone transitions for
12C2H2 are shown in Figure 1.8.
So far, the accuracies of the best optical references based on acetylene realized research
laboratories is ∼ 1 kHz using saturated absorption spectroscopy technique [7,59–61], which
will be discussed in Section 2.1. They are based on multi-pass power build up cavities for
long interaction lengths. But those cavities are alignment sensitive and difficult to integrate
into a commercial portable reference. A recently developed commercial acetylene stabilized
diode laser (Model number: C2H2LDS-1540, by Neoark, Japan) has frequency uncertainty
of about 20 kHz at 1542.38 nm with a market price of $ 70,000 [37]. The less expensive and
portable optical references made by NIST (National Institute of Standards and Technology)
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Figure 1.8: Spectrum for acetylene (12C2H2) ν1+ν3 overtone transition [7].
have accuracies on the order of 100 MHz [7]. In this work, we show hollow-core fibers offer
a potential alternative to free-space cavity setups.
Since their invention in 2003, hollow-core photonic crystal fibers have been demonstrated
in many areas for nonlinear light-gas interactions. They are also suitable for replacing power
build up cavities for making portable optical references for the following reasons. Their
uniquely designed hollow-core structure allows light to be confined at high intensities in
the core, where gas can be filled in, with very low loss. Since long interaction length can
be easily realized in these fibers, sufficiently low pressures can be used for a minimized
collisional broadening. In this case, the linewidth of the sub-Doppler feature is then mainly
determined by the transit-time and power broadening effect. Large fiber core size and low
pump power gives narrower sub-Doppler features. Knabe et al. have demonstrated 10 kHz
accuracy of such a CW acetylene reference with large-core kagome fiber installed in vacuum
chambers [40]. A more portable version of this reference can be made by sealing both ends of
the hollow-core fiber with solid-core telecommunication single mode fibers (SMFs) through
fusion splicing, which can serve as a portable optical reference for comb stabilization.
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1.3.2 Derivation of Frequency Discriminator
Once we have created a resonance (e.g. the sub-Doppler feature) that the laser can be
locked to, we need to produce a voltage signal that changes with laser frequency, that is the
so-called error signal (or frequency discriminator). It should give zero voltage at the desired
lock point. As the laser frequency deviates from the lock point, the error signal should give
either a positive or negative voltage depending on which way the laser frequency drifts away
with respect to the lock point. This error signal will be further processed by the following
feedback circuitry for locking the laser to the resonance of interest.
1.3.3 The Feedback Circuitry
The last part of the feedback loop is accomplished by the electric feedback circuitry, some-
times also called the loop filter or servo circuit. It connects the error signal to the laser.
The error signal is amplified by the servo and fed back to the laser actuator to cancel the
frequency noise, in order to drive the error signal to zero. For optimal behaviour, when the
laser is locked, the locking bandwidth, in other words, the correction speed of the feedback
loop, should only be limited by the laser actuator’s resonance frequency. Thermal fluctu-
ations or mechanical noise at low frequencies (DC to kHz level) should all be corrected as
much as possible by the servo circuit.
There are commercially available products to serve the purpose, such as the servo con-
troller box from Newport [12]. It is a standalone box having a number of adjustment knobs,
which gives certain flexibility to shape the overall servo gain for one’s needs. With some
basic servo design theory, one can also build a servo circuit that works for a particular
system. Section 2.7 gives a tutorial for building such a servo box.
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1.4 Thesis Outline
The work of the thesis is aimed at building a high precision, portable optical frequency
reference system in the telecom wavelength ( ∼ 1.5 µm) for practical applications. This
portable system consists two major parts: One is the erbium-doped fiber laser frequency
comb, the other is the optical CW reference for the stabilization of a single comb tooth.
Before we introduce the techniques for single comb tooth stabilization, Chapter 2 de-
scribes the stabilization of a CW fiber laser, or the CW reference, which is a CW fiber laser
locked to an acetylene transition inside a hollow-core fiber using the saturated absorption
spectroscopy (SAS) technique. The same technique applies to the single tooth SAS. Chap-
ter 3 focuses on the implementation of an erbium-doped fiber laser frequency comb. For
the isolation of a single comb tooth, a GHz repetition rate comb is generated by using an
external filtering cavity. Chapter 4 talks about how we realized single comb tooth stabiliza-
tion to the CW optical reference we developed in Chapter 2. Multiple amplification stages
have been built to amplify a single comb tooth from nW to mW (a factor of 106 power
amplification!) while preserving the comb signal-to-noise ratio, in order to perform SAS.
Chapter 5 shows the comb stability results by comparing the optically-referenced comb to
a second CW reference at a different wavelength from the stabilized single tooth. Chap-
ter 6 presents a separate project in which I was involved. It is about the noise analysis of
a prism-based Cr:forsterite laser frequency comb. A summary and outlook of this work is
included in Chapter 7. In appendix A, a novel cross-VIPA (cross-virtually imaged phase
array) spectrometer is proposed for single tooth isolation, with a high spectral resolution of
730 MHz based on our simulations.
We believe this work to be the first demonstration of an optically referenced comb system
based on a fiber laser using direct comb saturated absorption spectroscopy. This work repre-
sents the first isolation and amplification of a single tooth directly from a sub-100 MHz fiber
laser for saturated absorption spectroscopy. The comb amplification technique developed
opens many possibilities for direct comb spectroscopy using low power, low repetition rate
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(< 100 MHz) fiber laser frequency combs. In addition, the fiber comb optically referenced
to a gas-filled fiber reference represents a large step towards an all-fiber portable frequency
metrology system with low short-term instability, independent of the global positioning
system (GPS).
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Chapter 2
CW Laser Saturated Absorption
Spectroscopy
As an initial step toward stabilizing a single comb tooth to an absorption line of acetylene,
this Chapter describes how to stabilize a CW fiber laser to that absorption line. This
is achieved by filling the hollow-core photonic crystal fibers with low pressures ( ∼ 100
mtorr or 10−4 atm) of acetylene and then performing the pump-probe saturated absorption
spectroscopy (SAS) to realize a narrow absorption transition, the sub-Doppler feature. This
work was initially demonstrated [40] by Kevin Knabe, a previous group member. In Chapter
4, the CW fiber laser is replaced by an amplified single comb tooth, and the same SAS
technique will be applied in a second identical setup. Section 2.2 presents the experimental
SAS setup. Section 2.3 describes the hollow-core photonic crystal fibers used for filling
the acetylene gas. A noise reduction technique is used in the experiment by shifting the
probe frequency from the pump using an acousto-optic modulator (AOM), explained in
Section 2.4. Section 2.6 details the frequency modulation (FM) technique used to produce
the error signal from the sub-Doppler feature for locking purpose. As the last part of the
feedback loop, Section 2.7 talks about simple servo designs and how we use servo boxes to
lock the CW fiber laser to the sub-Doppler feature.
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2.1 Introduction to Saturated Absorption Spectroscopy
The disadvantage of using a natural resonance as the optical reference is the linewidth
broadening of these transitions at room temperature with respect to their natural linewidth
due to various effects. The most dominant effect is the Doppler broadening, while others
are collision broadening, transit-time broadening, saturation and power broadening, etc [62].
Therefore, a lot of methods have been developed to reduce or eliminate these effects to reduce
the linewidth, including laser cooling and trapping. These methods are good for producing
high stability atomic/molecular references, but are restricted to research laboratories due
to complicated cooling and trapping techniques. Saturated absorption spectroscopy (SAS)
is a convenient technique developed in the 1960s [63–66] that allows the observation of
linewidths below the Doppler limit at room temperature with a simple experimental setup.
Figure 2.1: Fractional transmission of light through a gas cell versus frequency (a) when
only a probe beam is present, and (b) when both a pump and probe beam are present [8].
The SAS setup involves two counter-propagating beams, namely, the pump and probe
beam, interacting with molecules inside a gas cell. Both beams are from the same laser
and thus have the same frequency. The probe beam is too weak to significantly alter the
molecules’ populations in the ground and excite states. However, the pump beam is strong
enough to significantly affect the populations. The Doppler effect can be described as the
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following: molecules travelling at different velocities see different frequencies from the same
incoming laser. These frequencies are Doppler shifted from the laser’s nominal frequency.
The amount of the Doppler shift depends on the velocity of that particular molecule. This
is to say, a laser at a certain frequency will only be in resonance with molecules that belong
to a certain velocity class. If we scan the frequency of the probe beam, it will interact
with molecules from a number of velocity classes, but one at each time. For a pump-
probe scheme, although both beams are scanned at the same frequency, because they are
counter-propagating, the pump and probe will always be interacting with molecules from two
different velocity classes, except when both beams are on resonance with the zero velocity
class. When the zero velocity class molecules are excited by the strong pump beam, the
probe can transmit through the cell without being absorbed, thus giving a local maximum
peak on the photodetector, shown in Figure 2.1 (b).
2.2 Setup Overview
The overview experimental setup for saturated absorption spectroscopy (SAS) is shown
in Figure 2.2. The CW fiber laser is split into two counter-propagating pump and probe
beams. The pump light is amplified by a commercial CW Erbium-doped fiber amplifier
(EDFA) (Model number: HWT-EDFA-B-PM-C27X, by Manlight) up to 200-250 mW with
preserved linear polarization. Then both beams are directed into the opposite ends of a
hollow-core photonic crystal fiber (HC-PCF), with each fiber end installed in one of the
two separate vacuum chambers. Details of the fiber will be described in Section 2.3. An
acousto-optic modulator (AOM) is implemented for noise reduction, which will be explained
in Section 2.4. Modulation techniques are used on both the probe and the pump beam for
frequency modulation (FM) techniques, and will be described in details in Section 2.6. In
Figure 2.2, mirrors and focusing lenses are used to achieve a maximum coupling efficiency
from free space to the fiber, which is about 60-65% for both pump and probe including
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Figure 2.2: Schematic setup for Saturated Absorption Spectroscopy (SAS). AOM: acousto-
optic modulator, EOM: electro-optical modulator, AM: amplitude modulator, FM+AM: fre-
quency and amplitude modulation.
the fiber loss. The polarization state of pump and probe are carefully controlled to be
orthogonal to each other using waveplates, such that the probe beam out from the fiber
can be separated from the input pump beam using a polarization beam splitter (PBS). The
probe after exiting the PBS is focused and coupled into a multi-mode fiber (MMF) and
detected by a 125 MHz fast detector [Model 1811 by New Focus].
As we apply a ramp voltage to the fiber laser’s piezo-electric transducer (PZT), the
laser’s frequency is scanned almost linearly over the P(13) acetylene transition at ∼ 1532.8
nm. Figure 2.3 gives an example of the resulting absorption spectrum [8]. The blue curves
at the bottom of Figure 2.3 are the transmission from a fiber ring cavity (FRC) as we scan
the laser frequency for frequency calibration purposes. The free spectral range (FSR) of the
FRC is 48.01 ± 0.01 MHz.
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Figure 2.3: Saturated absorption spectrum versus frequency with interferometer frequency
calibration. a) The zoom out picture shows the Doppler-broadened feature. (b) The zoom in
picture shows the sub-Doppler feature [8].
2.3 The Hollow-Core Fiber
We have two identical vacuum-chamber-based reference setups in our lab, denoted as Ref I
and Ref II in this thesis. Both setups have similar hollow-core photonic crystal fibers (HC-
PCFs) installed. These HC-PCFs are specially fabricated by our collaborator Dr. Fetah
Benabid’s group in X’lim Institute, France. The SEM images of the cross section of both
fibers are shown in Figure 2.4. The specs for both fibers are listed in Table 2.1.
Figure 2.4: SEM images for the Hollow-core Photonic Crystal fiber we used in two reference
setups, from Dr. Benabid’s group.
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Ref setup # Ref I Ref II
Part number 110727-CFD-K7C3R-C11J11 110727-CFD-K7C3R-C3J16
Loss 122 dB/km 32 dB/km
Length 7.9 m 6.8 m
Diameter 300 µm 300 µm
Core size 85/93.75 µm 85/93.75 µm
Pitch 18.75 µm 22.5 µm
Table 2.1: Hollow-core Photonic Crystal fibers for (a) reference I, and (b) reference II
setups.
Ref I uses the HC-PCF on the left. It is used for the single tooth Saturated Absorption
experiment, which will be discussed in Chapter 4. We lock an amplified comb tooth at ∼
1539.4 nm to the P(23) overtone transition of 12C2H2. The
12C2H2 pressure loaded inside
the fiber is ∼ 140 mtorr, which gives ∼ 50% fractional transmission.
For diagnostic purposes, which will be further described in Chapter 5.2, we stabilize a
CW fiber laser to the P(13) overtone transition of 12C2H2 at ∼ 1532.8 nm to test the comb
stability. Ref II setup, with the HC-PCF on the right, serves as the CW reference. For a
∼ 50% fractional transmission, the 12C2H2 pressure inside the fiber is ∼ 70 mtorr. Both
setups have about the same fiber coupling efficiency. In principle, it does not matter which
setup is used for single tooth or CW fiber laser locking.
2.4 The Acousto-optic Modulator
For noise reduction purposes, the probe beam is frequency shifted slightly from the pump
by tens of MHz using an Acousto-optic modulator (AOM) (Figure 2.2). This results in any
unwanted interference between the probe beam and any pump beam reflections occurring
at one half the AOM frequency (fAOM ∼ 45-55 MHz) instead of at DC, which can be easily
filtered out electronically.
An AOM is a device that can be used to modulate either the intensity or frequency (in
our case) of a laser beam with an electrical drive signal, based on the acousto-optic effect.
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The driver produces an RF signal at the piezoelectric transducer’s resonant frequency ( tens
of MHz). The transducer then converts the RF energy into acoustic energy and produces
acoustic waves inside the crystal. As a result, the crystal will experience a periodic change
in the refractive index and acts as a sinusoidal grating. When an incident laser beam passes
through this grating, it will be diffracted into several orders, each of which has different
intensity and frequency. In this case, light is scattering from moving planes. The frequency
of the diffracted beam in order m will be Doppler-shifted by an amount equal to the frequency
of the acoustic wave.
Figure 2.5: Schematic setup for Acousto-optic modulator (AOM). PBS: polarization beam
splitter FL: focusing lens, PM fiber: polarization-maintaining fiber.
An important parameter of the AOM is the efficiency, that is the ratio between the
optical power of the diffracted and incident laser beam. By positioning the AOM crystal at
an appropriate angle, the highest efficiency can be achieved in the first order beam. This
requires the angle between the laser light and the axis of acoustic propagation in the crystal
to be Bragg’s angle. The diffracted angle θ, between the incident and diffracted laser beam,
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is then twice the Bragg angle. The theoretical maximum efficiency for an AOM given by
NEOS [67] is:
η = sin2 (1.57
√
2
λ2
(
L
H
M2Pa)) (2.1)
where Pa is the acoustic power, M2 is the figure of merit of the optical material, and
L/H is the electrode’s geometric factor. It should be noted that the efficiency is inversely
proportional to the square of the wavelength λ.
In our AOM setup shown in Figure 2.5, the linearly polarized laser beam from a polarization-
maintaining (PM) fiber is collimated into free space using an aspheric lens with a focal
length of 18 mm. It passes through a half waveplate followed by a polarization beam split-
ter (PBS) to produce linearly polarized light, with its polarization axis perpendicular to
the paper plane. The AOM we use is from NEOS with a 2 mm window (Model number
46055-1-1.55-LID). The collimated light is then focused into the crystal center with a beam
waist of ∼ 200 µm. With an RF driving power of 2 Watts at ∼ 50 MHz, the first order
beam can achieve an high efficiency of ∼ 70%, close to the AOM spec. The first order beam
is then re-collimated and coupled back into another PM fiber as output.
2.5 Useful Techniques to Produce Error Signal
There are basically two types of techniques to produce error signal depending on if the laser is
frequency modulated or not. In general, the modulated techniques have better performance
over the non-modulated ones. The three techniques that are introduced in the following
subsections are either non-modulated or slow-modulation techniques. The fast frequency
modulation technique will be discussed in the next section, which is what we implemented
in our experiment.
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Side Locking
A straightforward way to derive an error signal is to have the laser tuned to the side of the
resonance [68]. This method is called “side-lock”. The steep slope of the resonance feature
serves as the error signal for the servo loop. The slope is essentially the change in the
absorption signal with laser frequency, and thus can be used to convert the laser frequency
noise to the amplitude information, which can be easily detected by a photodetector. Side-
locking to this slope can be accomplished by controlling the laser frequency so that the
saturated absorption signal is maintained at a particular level.
Although this technique has advantages of being modulation-free and easy to implement,
it suffers from several serious disadvantages. Firstly, because it is modulation-free, the error
signal detected is at DC, where there can be significant amplitude noise. This results
in a huge loss in SNR. Secondly, any perturbations in beam alignment or fluctuations in
laser intensity can alter the lock point and cause drift in the laser frequency. If a sudden
perturbation drives the laser to the opposite side of the resonance, the feedback loop will
push the laser further away from resonance, due to the wrong sign of the slope. Thirdly,the
side-lock has a very small capture range, which means that the laser frequency needs to be
tuned very close to the resonance frequency before the system will lock. Once locked, small
perturbations can knock the system out of lock.
There are two more limitations in the case of locking the laser to optical cavity fringes.
Since the laser is locked to the side of the cavity resonance rather than the peak, the
optical power of the transmitted light is only a fraction of the full power. In addition, the
speed of the lock is limited by the cavity storage time, because the error signal generated
is based on the light transmitted from the cavity. In contrast, error signals developed by
reflection techniques, such as polarization-lock and Pound-Drever-Hall lock discussed in later
paragraphs, are not limited by the cavity storage time.
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Polarization Locking
Polarization locking is another modulation-free technique that was initially developed for
locking a laser to an optical cavity [9], shown in Figure 2.6. Here, a polarizer or Brewster
plate is inserted inside the optical cavity to cause a frequency dependent elliptical polariza-
tion. The light out from the cavity can be decomposed into two orthogonal linearly polarized
components, either parallel or perpendicular with respect to the incident linearly polarized
light. The perpendicular component is simply reflected by the cavity, and serves as a refer-
ence, while the parallel component enters the cavity and experiences a frequency-dependent
phase shift in reflection. Any relative phase change between the two components will make
the resulting beam elliptically polarized, which can be analyzed using a polarizing beam
splitter and a pair of identical photodetectors.
Figure 2.6: Polarization locking technique for locking a laser to an optical cavity [9]. (a)
Experimental setup, (b) Transmitted intensity from a 2 GHz confocal cavity, (c) Resulting
polarization spectroscopy signal based on the difference between the two photodiodes.
Similar ideas can also be applied to a pump-probe saturated absorption spectroscopy
setup [10]. Figure 2.7 shows the experimental setup, as an example. The (nearly) counter-
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propagating pump and probe beams overlap in a Rb vapour cell. The linear polarization of
the probe is controlled by a half-waveplate. The weak probe beam interacts with a strong
circularly polarized pump beam inside the Rb cell. The probe beam out from the cell is
decomposed into two orthogonal linearly polarized components by the beam splitting cube,
and the difference in intensity of the two components gives a dispersion-shaped, polarization
spectroscopy signal, being the derivative of the sub-Doppler linewidth.
Figure 2.7: Polarization locking technique for saturated absorption spectroscopy [10].(a)
Experimental setup, ECDL: extended cavity diode laser. (b) Absorption spectrum for the
transitions in 87Rb (left) and for 85Rb (right).(c) Resulting polarization spectrum.
There are a few advantages for polarization spectroscopy. First, there is no modulation.
Second, the homodyne detection between the two beams can reveal an extremely small level
of absorption-induced changes of light polarization, resulting in a highly sensitive detection.
The attainable sensitivity is limited by the finite extinction ratio of the intracavity polarizer.
Third, it also has a very broad capture range, extending to nearly the cavity free spectral
range (∼ 2 GHz in the example above). Lastly, it is a reflection technique, so the response
of the error signal is not limited by the storage time of the cavity.
One major disadvantage is its sensitivity to beam alignment. This is because the error
signal depends on the balance between two detectors and their incident optical intensities.
Small fluctuations in beam intensity have a large impact on the lock point. Similar to side-
lock, polarization-lock also bears the disadvantage of being a DC technique, suffering from
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low-frequency noise from both the laser and detectors. Moreover, polarization techniques
do have long-term drifts associated with polarizing optics. A further disadvantage is that
intracavity components increase system losses, resulting in a reduced cavity finesse (F).
Dither Locking
Dither locking, known as the slow modulation technique, is one of the two modulation
techniques that could be used. The other is frequency modulation spectroscopy, being the
fast modulation technique, which will be discussed in the next subsection. Here we will only
talk about the basic idea of the these two techniques and their relative advantages. A more
detailed conceptual picture will be discussed in Section 4.4.
The purpose of frequency modulating the laser is to tell which side of resonance the
laser is on by how the light intensity changes on the detector. For dither locking, the
laser frequency is sinusoidally modulated, or dithered, at some slow modulation frequency
(“slow” compared to the resonance linewidth, typically on the order of kHz level), producing
a voltage signal oscillating at the modulation frequency. A dispersion-shaped error signal
can be produced by comparing this voltage signal with the reference dither frequency. A
typical experimental setup for dither lock is shown in Figure 2.8.
Figure 2.8: Typical setup for dither locking.
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This low-frequency operation has two disadvantages. First, it results in a limited servo
bandwidth, that is, how fast the servo loop can control the system, which is less than the
slow modulation frequency. This is probably not a problem for some of the very stable
lasers, but would become intractable for lasers with broad intrinsic noise. Second, the
demodulated error signal is still partly contaminated by the low frequency technical noise,
and the achievable SNR is thereby limited.
Another problem arises when we use dither locking to lock a laser to an optical cavity.
The light transmitted from the cavity is still under slow modulation. This can interfere
with processes afterwards, such as heterodyne beats with other lasers, and frequency count-
ing. However, people have developed various ways to remove this modulation, such as an
externally implemented device based on an AOM [69].
2.6 Frequency Modulation Spectroscopy
Frequency modulation (FM) spectroscopy [70] circumvents most of the drawbacks for all
the techniques discussed above. This has been achieved through phase-modulating the
laser at a frequency (tens to hundreds of MHz) much larger than the linewidth of the
resonance of interest. The frequency modulation process basically generates a carrier optical
frequency (ωc) plus two RF modulation sidebands (ωc±ωm) with opposite phase, illustrated
in Figure 2.9. The beam is then passed through the sample of interest and detected by a
fast photodetector.
There are three advantages from this high frequency modulation. First, it allows each
individual sideband to probe the resonance of interest and thereby preserves the high reso-
lution capability from the narrow-linewidth laser source. In contrast, the slow modulation
in dither locking results in a broader laser linewidth (Figure 2.8), which leads to a lower
spectroscopic resolution because the spectral feature is probed by a noisier laser. Second,
the useful signal can be moved to a high frequency region where the low frequency noise
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Figure 2.9: Typical setup for Frequency Modulation (FM) spectroscopy.
from the laser intensity fluctuations becomes negligible, allowing a high detection sensitivity
approaching the quantum (shot noise) limit [71]. Third, fast modulation enables a rapid
signal recovery, leading to a high sampling rate necessary for a high bandwidth servo loop.
This can be understood in a simplified picture: if the laser is modulated slowly, say 100 Hz,
then laser noise beyond 100 Hz cannot be compensated by the servo loop because we are not
probing that fast. An additional advantage is the high SNR compared with dither locking.
The error signal is generated in a similar way as the dither locking technique, by comparing
the pure FM spectrum with the spectrum after the sample. When no absorbing sample is
present, the pure FM signal will generate no photo-current in the high-speed detector (at
the modulation frequency), resulting in a near-zero background. When a resonance feature
is present, this FM balance is destroyed, producing phase-sensitive error signal.
For the reasons above, FM spectroscopy has become a powerful spectroscopic technique
for high resolution, high sensitivity, and high-speed detection. However, in practical systems,
the sensitivity of FM spectroscopy is limited by residual amplitude modulation (RAM)
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instead of detector shot noise [72]. This gives a slowly drifting background on the error
signal. A common source for RAM comes from residual etalon effects, for example, imperfect
coatings for phase modulators (i.e. electro-optic modulators, or EOM), windows of the
photodetector, or windows of the vapour cell. A number of techniques have been developed
to overcome these problems [11], such as a careful control on the stress and temperature on
the EOM crystal, and building a faster loop using an amplitude stabilizer [73]. The etalon
fringe effect can be minimized by various optical or electronic methods [74]. A two-tone FM
technique [75] can be used to reduce drifts and interference.
Here we use this technique to generate the error signal for locking a CW fiber laser to
the sub-Doppler feature of the 12C2H2 overtone transitions (specifically, the P(13) line). In
the next paragraphs, I will first talk about the physics of performing FM spectroscopy in an
absorption case, and how we apply this general model to our saturated absorption setup.
Then I will explain the induced offset problem caused by the Doppler background, and how
we remove the offset by adding amplitude modulation (AM) on the pump beam. In the
end, I will show the electronics circuits including both FM and AM demodulation we use
for producing the error signal in our experimental setup.
2.6.1 The Physics of FM Spectroscopy
The essence of FM spectroscopy is to understand the effect of modulating the laser frequency
on the intensity of light transmitted through the gas sample. For a fairly low modulation
frequency, the physics picture of FM spectroscopy can be illustrated in a conceptual model
shown in Figure 2.10 [76]. When the laser frequency is scanned over the absorption feature
of interest, the slow dithering of the laser frequency causes the absorption to modulate at
the same time. In other words, the frequency modulation of the laser is mapped into an
amplitude modulation by the absorption, which can be easily detected by the photodetector.
Figure 2.10 (a-c) illustrates the cases when the laser is scanned around the vicinity of the
resonance. It is also important to note that the phase of this FM to AM conversion at a
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certain frequency depends on the slope of the absorption at that frequency, shown in 2.10
(d). By mixing the photodetector RF output with the original driving signal, a dispersion
feature with odd symmetry can be produced, which is used as the error signal for locking
purposes.
Figure 2.10: A conceptual model to illustrate frequency modulation (FM) spectroscopy [76].
The theory of FM spectroscopy has been well studied in vapor cells [70, 77]. If the
modulation frequency ωm is larger than half width of the spectral feature of interest, such
that only one side-band probes the spectral feature, the intensity of the beam impinging on
the photodetector can be expressed as [70]:
I3(t) =
cE20
8pi
e−2δ¯ × (1−∆δM cos(ωmt) + ∆φM sin(ωmt)). (2.2)
where c is the speed of light, E0 is the electric field amplitude of the original laser beam,
δ¯ is the constant background loss, and ∆δ and ∆φ are deviations of loss and phase shift,
respectively, from the background values caused by the spectral feature. The cos(ωmt) and
sin(ωmt) components are then proportional to the absorption and dispersion, respectively,
induced by the spectral feature. For many applications, the spectral feature of interest has
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a Lorentzian lineshape. In Ref. [70] a dimensionless attenuation δ is defined as:
δ(ω) = δpeak(
1
R(ω)2 + 1
) (2.3)
R(ω) =
ω − Ω
(∆Ω/2)
(2.4)
where δpeak is the peak attenuation at line center, Ω is the line center frequency, and ∆Ω is
the full width at half maximum.
2.6.2 Apply the Theory to SAS setup
However, things gets more complicated when we apply this idea in our Saturated absorption
Spectroscopy (SAS) setup, because the ∼10 MHz sub-Doppler feature we are interested in
is on top of a ∼ 500 MHz Doppler-broadened background. The modulation frequency we
choose is 22 MHz. This number is larger than half of the sub-Doppler feature, but much
smaller than the Doppler background. If we incorporate the loss due to the Voigt Doppler
background [62], Equation 2.3 can be modified to:
δ(ω)D = δpeak × e
−
(ω − ωc)2
0.36ω2D (1− 1
R(ω)2 + 1
) (2.5)
where ωD is the Doppler width.
The phase shift δ(φ)D induced by the sub-Doppler feature and Doppler background can
then be calculated based on the Kramers-Kronig relations [78, 79]. With both terms (the
loss and phase shift) known, the absorption (cos(ωmt)) and dispersion (sin(ωmt)) induced
by the sub-Doppler feature can be calculated numerically.
Once a SAS signal is obtained from the fast photodetector, it is time to demodulate
the error signal. The frequency modulation process encodes the laser frequency fluctuations
around the modulation frequency, rather than at DC. The effect of demodulation is to decode
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this error information by mixing it down to DC. This can be done by mixing the RF error
signal with the FM driving signal, which allows the observation of either an absorption (∆δ)
or dispersion (∆φ) component.
2.6.3 Producing Error Signal
As discussed in Section 2.6, one disadvantage of FM spectroscopy is the residual amplitude
modulation (RAM) [71], which gives an offset on the produced error signal. In our case, this
Figure 2.11: Electronics circuit for FM and AM demodulation. The FM and AM modula-
tion frequencies are 22 MHz and 900 kHz, respectively.
is caused by the variation in laser intensity due to gas absorption over the FM range [40].
This background signal can be reduced by amplitude modulating the pump beam at 900
kHz, which essentially turns the pump beam on and off at a rate of 900 kHz, producing a
signal which is the difference between when the pump is on and off.
Figure 2.11 shows the RF electronics setup for FM and AM demodulation. A 125
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MHz photodetector (New Focus 1811-FC) is used to detect the probe light (under FM
modulation) after passing through the 12C2H2-filled hollow-core fiber. The RF component of
the photodetector output is filtered, amplified, and mixed at both FM and AM frequencies.
The produced error signal after FM and AM demodulation, from a CW fiber laser, is shown
in Figure 2.12 [8].
Figure 2.12: Sub-Doppler error signals generated from a CW fiber laser for locking the CW
laser to 12C2H2 overtone transitions P(13) at 1532.8 nm.
A few precautions need to be taken for an optimized sub-Doppler error signal. First, the
bandwidth of the RF band-pass filter should not be too narrow. In our case, the bandwidth
is a few MHz around the FM modulation frequency of 22 MHz. If the filter bandwidth is too
narrow, phase shifts would be induced that will limit the servo bandwidth [80]. Secondly,
the power level of the two RF components (denoted as RF and LO in Figure 2.11) before
the mixer should match the mixer’s power level. This can be done by using appropriate RF
amplifiers and attenuators to achieve the power level required. Thirdly, the lineshape of the
FM (or AM) error signal at the mixer output depends on the relative phase between the
RF signal with respect to the LO. For a maximized amplitude of the error signal, the RF
and LO need to be 90◦ out of phase.
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2.7 The Servo
In the last section, an error signal from a CW fiber laser is produced from FM and AM
demodulation. This section describes the following servo system that takes the error signal
and stabilizes the laser to an acetylene overtone transition of interest. For CW fiber laser
stabilization, the servo output goes to the PZT of the fiber laser which adjusts the laser
wavelength to the desired value.
In this section, we will first introduce a few terminologies for servo design, followd by
a short tutorial guide. Then, as a concrete example, we will present two home-made servo
boxes built based on Proportional-Integral (PI) amplifier circuits. For comparison, the
performance of a commercial servo controller box [12] (Model number: LB1005, by Newport)
will also be shown. In the end, we will show the locking result for the CW laser stabilization
using the commercial servo box.
In our work, this servo box has been used for a few different locking schemes: (1) a CW
fiber laser locked to a molecular transition (Section 2.7); (2) carrier-envelope offset frequency
(f0) and repetition rate (frep) of a fiber-based frequency comb locked to RF references (Sec-
tion 5.2). With some basic servo design theory, one can also build a servo circuit that works
for a particular system. Here, we will give a very simple introduction to the method we
use for servo design. Two simple servo circuits will be presented in section 2.7 as concrete
examples.
2.7.1 Basic Terminologies
Frequency Response Method
There are several important building blocks for a servo, including low-noise amplifiers, inte-
grators, differentiators, lag and lead compensators, etc. The goal is to arrange them in an
appropriate way to give us a desired shape of gain as a function of frequency, or the so-called
transfer function. The most common method used is the frequency response technique, while
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other useful methods are Nyquist diagram and Rootlocus method ( [81], Section 5.2). The
term frequency response refers to how a system responds to a sinusoidal input. By compar-
ing the output to the input, we are basically looking at two things: (1) amplitude response,
that is, the ratio between the output and input amplitudes; and (2) phase response, that is,
how much the output lags behind the input in time.
The measurement of course can be done manually by feeding a sine wave at a certain
frequency to the system, recording the output amplitude and phase information with respect
to the input, and then repeating the same measurement at a number of different input
frequencies. An alternative and easier way is to use the swept sine function available from a
FFT spectrum analyzer. The source channel outputs a sinusoidal wave that is split into two
portions. One portion goes directly to one of the two receivers on the spectrum analyzer,
which serves as the reference channel. The other portion goes to the device under test, in
this case, the servo circuit under design. The device output then goes to the second receiver.
By starting the acquisition process, the spectrum analyzer will sweep the source signal across
a frequency range, and measure the amplitude and phase as a function of frequencies, by
comparing the reference channel to the signal output from the device under test.
Bode Plot
One of the most intuitive ways to display the frequency response is called Bode plot, devel-
oped by H. W. Bode at Bell Laboratories between 1932 and 1942 [73]. An example Bode
plot of a low-pass filter is shown in Figure 2.13. The amplitude and phase response versus
frequency (in log scale) is plotted in the upper and lower figures, respectively. The unit for
amplitude response is in decibels (dB). In communications, it is standard to measure power
gain in decibels:
|Gpower|dB = 10 log10
P2
P1
(2.6)
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However, if we measure voltage gain, there is a factor of two difference because power is the
square of the voltage. Thus, the voltage gain is:
|Gvoltage|dB = 20 log10
V2
V1
(2.7)
Figure 2.13: Bode plot of a low pass filter with corner frequency fc. Picture taken from:
http://www.electronics-tutorials.ws/filter.
Here, corner frequency is the frequency at which the amplitudes drops by 3 dB (or 50%).
This frequency is also called the 3 dB bandwidth of the device. It is shown in Figure 2.8
that the amplitude is flat at low frequencies and starts to drop at the corner frequency with
a constant slope of 20 dB/decade (or 6 dB/octave for first-order filter, second-order filter
drops faster, 40 dB/decade or 12 dB/octave). This is exactly what we would expect for a
low pass filter, which passes the low frequency components, and attenuates high frequency
components. A noticeable phase shift associated with the amplitude attenuation starts at
one-tenth of the corner frequency, and stops accumulating at ten times the corner frequency.
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By then, the filter output phase is delayed by 90◦ with respect to the input.
In general, for the response of any servo design, a 180◦ phase shift will happen at a high
enough frequency. This indicates that the correction signal will turn the system from a
useful negative feedback into an unwanted positive feedback. In this case, the amplified error
signal is not effectively used to pull the laser frequency back to the set point, but pushes it
away instead.
Closed-loop Gain and Open-loop Gain
By now, it is important to introduce two terms: closed-loop gain and open-loop gain. The
closed-loop gain refers to the overall gain of the feedback loop that goes from the laser to the
detector, then to servo electronics, and back to the laser. It can be measured by breaking
the loop as shown in Figure 2.14 (a) via the swept sine measurement. We can feed the servo
input with a sine wave, and look at the error signal as output, as indicated by the red arrows
in Figure 2.14 (a).
Figure 2.14: Illustration of (a) Closed-loop gain, and (b) open-loop gain swept sine mea-
surement. 1 and 2 are for open-loop laser and servo response, respectively.
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Open-loop gain refers to the gain for part of the feedback loop. For an optimum design
of a servo circuit, we usually start off by measuring the open-loop gain of the laser response.
Then, we try to match the open-loop gain of the servo circuit to the laser response. Both
open-loop gains can be measured using the same swept sine method, with inputs and outputs
shown in Figure 2.14 (b). Solid and dash arrows are for laser and servo response, respectively.
2.7.2 Servo Design Tutorial
We have already discussed a few terminologies in Section 1.3.3, such as transfer function,
frequency response, Bode plot, closed-loop and open loop gain. If the reader is not familiar
with those terms, it is suggested read Section 1.3.3 first before you start with this tutorial.
This tutorial will be for a very simple servo design. More complicate design may lead to
better performance in terms of stability and noise suppression, but requires more effort for
the design. At the end of this tutorial, additional references are recommended for readers
who are interested in more complicate servo designs.
A common class of servos are known as PID controllers [82], which are built based on
three types of gain controls: 1) a proportional term, 2) integral term, and 3) a derivative term.
The proportional term linearly amplifies the error signal, and provides immediate negative
feedback to the system. For systems with pure proportional control, there is a non-zero
steady state error for each unit of time. This accumulated error can get larger and larger
for longer times. Higher proportional gain helps reducing this error, but turning up the gain
makes the system more likely to oscillate. Therefore, an integral term is usually included
to eliminate any residual offsets that accumulate over time, and force the error signal back
to zero. The integral action is usually slow for correcting small errors because the error
signal needs to be integrated for some time before the servo can tell which way to correct
it. Higher integral gain will give a faster response, but again this leads to an oscillatory
system. When there is sudden perturbation occurring to the system, both proportional and
integral term will act and may exceed its desired steady state value. A derivative term is
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usually used to avoid the overcorrection. The derivative action helps improve the overall
closed-loop system stability but slows down the reaction as the derivative gain is increased.
In general, for laser stabilization, only a Proportional-Integral (PI) control loop is nec-
essary, which is what we will introduce in this tutorial. For readers not familiar with the
operational amplifier (or “op amp”) circuits, the basic building blocks we will use for a servo,
Table 2.2 shows the circuit and frequency response for a few of these building blocks. The
explanation of how the following circuits works can be found in any electronics books for
op-amp application [83].
The first step for any servo design is to find out the “mechanical resonances” of the
system. This can be done by measuring the open-loop gain of different parts of the system.
For example, a PZT that drives the laser frequency usually has a resonance of tens of
kHz. Since significant phase shift will be introduced at resonances, which could easily cause
system oscillation, usually our feedback control has to occur below the system resonant
frequency. For a more complicated servo design, one can do tricks such as adding lag/lead
compensators [11] to compensate the phase roll-off, but this design technique would be
beyond the scope of this tutorial.
Noise such as thermal fluctuations and vibrations are more predominant in the low
frequency region (below 1 kHz). The system drifts greater at low frequencies (as we wait
longer). Thus large gains are required at low frequencies (or on long time scales) to keep
the laser frequency near the lock point. At high frequencies beyond the resonant frequency,
phase shift will be introduced, which increases with frequency. The gain has to be less than
one (0 dB), or unity gain, such that the error signal will be suppressed to avoid system
oscillation. Therefore, the shape of the servo loop response will basically look like what’s
shown in Figure 2.15, based on a PI amplifier circuit. The slope of the gain is usually a
constant (either 20 dB/decade or 40 dB/decade, depending on whether 1st or 2nd order filters
are used). The cutoff frequency can be varied by using different combinations of resistors
and capacitors. The proportional gain setting adjusts the offset for the overall gain curve.
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Building Block Circuits Frequency Response
Inverting op-amp
(linear amplifier)
Integrator
AC integrator
with prop gain
Differentiator
AC differentiator
with prop gain
Modified
AC differentiator
Table 2.2: A few basic circuit blocks and their frequency response for servo design.
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Figure 2.15: Bode plot of a Proportional-Integral (PI) amplifier circuit [11].
It is necessary to talk a little bit about servo feedback bandwidth, that is how fast the
servo can respond to the error signal. In principle, a high feedback bandwidth is preferable,
in that it allows the system to track rapidly varying changes. However, one will not benefit
from too much bandwidth, because at large enough frequencies, positive feedback can turn
into negative feedback.
For stability concerns, it is important to introduce two stability margins [84]. The ”phase
stability margin” is the phase lag at the unity-gain frequency. The ”gain margin” is defined
as the factor by which the gain has to be increased to have instability, at the frequency
where the phase lag is 180◦. A good rule of thumb is that the gain margin has to be at
least a factor of 2, and phase margin at least 30◦. If the gain margin is too small, the servo
correction to the system responds slowly to perturbations. Similarly, if the phase margin is
too small, the system will become underdamped to external perturbations, meaning that it
overshoots the lock point and comes back. In contrast, an overdamped system approaches
more slowly than is required to not overshoot. A critically damped response, which means
approaching the lock point as fast as it can without overshooting, corresponds to a phase
margin of 90◦.
It should be clear by now that the key to a servo design is to have the right amount
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of frequency-dependant gain required for a particular system. Insufficient gain could easily
bring the unity-gain point to the slope portion of the gain curve and result in an unstable
system. On the other hand, too much gain could push the unity-gain point to a higher
frequency with insufficient phase margin, which again will make the system unstable. Section
1.4.2 in Ref. [80] gives a method to calculate the required gain at a particular frequency
for a given system, based on two factors: one is the slope of the error signal in volts/Hz,
while the other is the deviation of the laser frequency in Hz/volt, under a certain frequency
modulation. The multiplication of the two yields a dimensionless loop gain at this particular
modulation frequency.
Once we use this single gain point to scale the overall transfer function for the loop, we
will have a better idea of what resistor and capacitor values to use for the servo circuit, in
order to have the desired gain and the right cutoff frequency. Later modification is always
necessary after we try the servo in our actual setup.
To summarize, a few key principles of a servo design are:
1) Maximum gain at low frequencies (1 kHz and below).
2) Minimize gain and phase shift at high frequencies (above the resonance frequency of
the laser system).
3) To avoid system instability, the unity gain frequency needs to be below the resonance
frequency, and the phase shift at the unity gain point has to be 90◦ or below. Another way
to look at it is, the phase margin needs to be at least 30◦, and the gain margin has to be at
least a factor of two. A rule-of- thumb is that at the unity-gain point, the slop of the loop
transfer function may not be decreasing by much more than 20 dB/decade of frequency [80].
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For readers interested in knowing more about servos beyond this tutorial, a few ref-
erences are suggested here. For basic concepts of feedback control, most text books and
literatures introduce well-developed but complicate control theory that are suitable for en-
gineering students. Text books such as Ref. [81, 85, 86] are good but need a lot of effort
to understand. Ref. [84] written by John Bechlhefer is a good tutorial essay that describes
feedback control more from a physicist’s point of view. Ref. [11] gives an overview of current
laser stabilization methods. Section 27.2 talks specifically about servo design principles, and
gives an example of a PID controller design. For a more practical example of servo design
for laser stabilization, Ref. [80] discusses the details of how to stabilize a diode laser to an
optical cavity, a more complicated servo circuit design is presented in Section 1.4.3.
2.7.3 Home-made servo: Single-channel feedback
Figure 2.16 shows the circuit diagram of a home-made servo box with a single output.
This type of servo design is used in our experiment for (1) filtering cavity locking, and
(2) single tooth locking to an acetylene transition. It is a relatively simple servo based on
a proportional-integral (PI) control, where the gain drops 20 dB per decade (due to the
integrator) for low frequencies and is constant (or proportional) for high frequencies.
The circuit consists of a few components. First, the inverter chooses the right polarity
of the error signal through switch 1 (SW1). Second, the input offset fine adjusts the error
signal to be centered at zero volts by tuning the potentiometer R10, which is followed by a
summing circuit (U2). The output of the sum is split into two parts: one output is the error
monitor, which is basically the input error signal plus an offset voltage. The other part goes
to the amplification stage, firstly by an integrator (U3), then a proportional gain control
(U4). The cutoff frequency of the servo is determined by the RC constant of this integrator
R16 and C9. With SW3 closed, it is AC integrator with constant DC gain (Table 2.2),
which is the so-called lock off situation. With SW3 open, it becomes a pure integrator. The
flat DC gain becomes a sloped line. A high DC gain is enabled, corresponding to the lock on
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Figure 2.16: Servo circuit diagram based on Proportional-Integral (PI) control.
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case. SW4 selects either ”high” or ”low” setting for the following proportional gain. With
SW4 open, the proportional gain is on ”low”, with the gain being the ratio between R26
and R20. Similarly, with SW4 closed, R12 and R20 are in parallel, the proportional gain is
on ”high”, with the gain being the ratio between R26 and the total resistance for parallel
resistors R20 and R12. The proportional gain can be fine controlled by potentiometer R26.
The final part is another summing circuit that adds an output offset within +/- 15 volts
to the amplified signal, as the servo output. The sweep function takes an external scan
voltage, and sweeps the servo output over the locking point. This is used when one wants
to optimize the error signal.
Figure 2.17: Bode plot of a servo based on Proportional-Integral (PI) control.
The Bode plot of the circuit in the lock off situation is shown in Figure 2.17. It has a
low frequency gain limit of 3 dB, and cutoff frequency of about 9 kHz. The unity gain point
is at 10 kHz, which is the resonance frequency of the filtering cavity in the feedback loop.
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The lock on Bode plot is not able to be measured using the FFT spectrum analyzer in our
lab because the DC gain is too high. However, it can be estimated from the slope that the
gain should be around 80 dB at 1 Hz.
2.7.4 Home-made servo: Two-channel Feedback
In some cases, a servo circuit can be designed to have two outputs: a slow output com-
pensates the slow variations of the system, while a fast output allows rapid corrections to
suppress the fast noise of the system. An example of this is the stabilization of a diode
laser. The slow channel goes to the PZT, and the fast channel goes to the laser’s injection
current. The advantage of this configuration is that we can have large gain to the PZT at
low frequencies, while keeping the laser current nearly constant, which is necessary because
large gain at low frequencies will cause large current changes, which will result in laser
mode-hopping and can easily make the laser jump out of lock. Figure 2.18 is the circuit
diagram of such a servo for Santec diode laser (model number: TSL-210) stabilization.
The slow feedback has the same structure as the previous servo design (Figure 2.15),
with a few resistors and capacitors having different values. Here, an extra portion is split
from the output of the first summing circuit (U2), which serves as the input of the fast
feedback servo (third line of the circuit diagram). The capacitor C25 effectively filters out
the DC signal, leaving only the AC signal going to the following PI amplification stage,
which is essentially the same as the slow feedback design. It goes through in a sequence of:
integrator (U8), inverter (SW2), and proportional gain control (U7). Potentiometer R27
varies the proportional gain. Diodes 9 and 10 are used to limit the output voltage within
+/- 3 volts from the fast servo, due to the current limitation of the diode laser design.
Figure 2.19 shows the Bode plots of both the slow and fast feedback, with lock off in
both cases. The slow channel has a cutoff frequency of about 18 Hz at unity gain, which is
slightly below the PZT resonance frequency ( ∼ 20 Hz). When the lock is on, the DC gain
is estimated to be about 30 dB at 1 Hz based on the slope (not shown in the plot). The fast
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Figure 2.18: Servo circuit diagram with both slow and fast feedback control.
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Figure 2.19: Bode plot of a servo with both slow and fast feedback control.
channel has a 3-dB turn-on frequency of about 10 Hz, turn-off frequency at 556 Hz, and a
maximum gain of 30 dB at around 100 Hz.
2.7.5 The Commercial Servo
Another commercial servo box LB1005 from Newport [12] used in our experiment is also
based on PI control. It has a high bandwidth of 10 MHz, and adjustable knobs that allow one
to shape the gain curve in two aspects: (1) the 3-dB frequency beyond which proportional
gain dominates over integral gain, named the PI corner frequency, and (2) the gain limit for
low frequencies, as measured from the proportional gain value, named low frequency gain
limit. Both terms are labeled in the gain curve plot shown in Figure 2.20.
A practical problem with this servo is the gain-dependent offset. As one changes the
proportional gain, the error signal is offset slightly from zero volts. The amount of offset
varies for different proportional gain settings, from a few mV to over a hundred mV. This
offset can be corrected by fine adjusting the input offset of the servo, as one locks the system
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Figure 2.20: Bode plot of LB1005 servo controller from Newport [12].
initially.
2.7.6 Locking Results
The CW fiber laser can be locked to the P(13) transition of acetylene at 1532.8 nm using
the commercial Newport servo controller. Figure 2.21 (a) shows saturated absorption (SAS)
signal (yellow) as well as the sub-Doppler error signal (blue) as we scan the CW laser’s
frequency over the target transition by scanning the PZT voltage of the laser. An indication
of the lock point is when the oscillation amplitude of the SAS signal is maximized due
to amplitude modulation, as shown in Figure 2.21 (b). When the laser is locked, the error
signal is centered at zero with a minimized noise of about 5 mV using a 60 kHz low pass filter
before the servo, corresponding to a fractional stability of 2.2 × 10−12 Hz−1/2 by comparing
to the slope of the sub-Doppler error signal (22 MHz/V) within 60 kHz bandwidth.
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Figure 2.21: Time domain sub-Doppler error signal (blue curve) when the CW fiber laser
source is (a) scanned over, and (b) locked to the P(13) transition of acetylene at 1532.8
nm. Yellow curves represents the saturated absorption (SAS) signal in Figure 2.11. An
indication of the lock point is when the oscillation amplitude of the SAS signal is maximized
due to amplitude modulation.
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Chapter 3
GHz Repetition Rate Comb
Generation
The typical repetition rate for a fiber laser is about 100 MHz (or below). The spectral
resolution of current commercial grating spectrometers or filters are usually at least tens
of GHz. Therefore, it is difficult to resolve individual comb teeth directly from the fiber
laser oscillator. In this chapter, I will present how we generate a GHz repetition rate comb
by implementing an external Fabry-Perot filtering cavity to the sub-100 MHz fiber laser.
In combination with a narrow bandwidth fiber Bragg grating, single comb tooth isolation
can be realized. Section 3.1 reviews a few methods for GHz comb generation. Section 3.2
presents a 89 MHz erbium-doped fiber ring oscillator. Section 3.3 introduces guidelines
for an external filtering Fabry-Perot cavity design. Section 3.4 represents experimental
implementation of two filtering cavities.
3.1 Review Methods for GHz Comb Generation
A high repetition laser requires a short cavity length. For a GHz laser, the cavity length
is only a few centimeters. While this is less challenging for a free space solid-state laser,
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i.e. a Ti: Sapphire laser. It is difficult to realize in a fiber-based laser system. One reason
is the minimum fiber length needed for splicing the laser cavity components. Hence, free
space sections are often integrated into such short cavities. In addition, a high gain fiber
and a high finesse (low loss) cavity are also required for a short cavity. A few groups have
built such lasers with repetition rates ranging from 1-10 GHz [87–89] using either SESAM
or carbon nanotubes for mode-locking. However, besides the integrated free space section
which makes the laser less portable and vulnerable to environmental perturbations, these
designs share the same drawbacks of low output power of a few mW and narrow spectral
bandwidth of less than 5 nm, and some are even below 1 nm [89].
GHz fiber lasers are difficult to phase stabilize. This is because a high repetition rate
in the frequency domain means more pulses in the time domain. The resultant low pulse
energy is not sufficient to generate an octave-spanning spectrum (supercontinumm, or SC)
required for carrier-envelope offset frequency stabilization. In 2012, Ippen’s group for the
first time successfully phase stabilized a GHz fiber laser with 7 nm bandwdith [90]. Their
system also has free space optics in the laser cavity. A special customized highly-nonlinear
fiber (HNLF) is used to generate SC.
One way to generate a GHz fiber laser comb is to utilize repetition rate multiplication
by implementing an external Fabry-Perot filtering cavity to an existing low rep rate fiber
comb. High repetition rate, broad bandwidth fiber combs are generated in this way for as-
tronomical calibration purposes [91, 92]. To compensate the power loss during the filtering
process, optical amplification of the comb becomes necessary. The challenge of this method
is to amplify the comb optical power without degrading the signal-to-noise ratio while main-
taining a high side mode suppression [93,94]. We were able to use this method to isolate a
single tooth for direct comb spectroscopy.
Another type of GHz fiber laser oscillator is based on harmonic mode-locking [95, 96].
Because the mode-locking is achieved by actively locking a MHz ring laser to a Fabry-Perot
etalon with a stabilized cavity free spectral range of a few GHz, the laser repetition rate is
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not limited to the cavity length. Locking electronics are required to synchronize the fiber
laser cavities to the integrated Fabry-Perot etalon, thus adding system complexity. Another
drawback lies in the difficulty for the carrier-envelope offset frequency stabilization. Because
the comb teeth are referenced to the etalon transmission modes, the absolute positions for
the comb teeth are unknown and the carrier-envelope offset frequency cannot be tuned to
an arbitrary value.
There are also parametric techniques that use microresonators to generate combs with
large spacing, typically at least tens to hundreds of GHz [97]. Although octave-spanning
spectra have been generated from these microresonator combs, large noise in the f0 and frep
beatnote still hinders the comb stabilization.
3.2 Low Rep Rate Fiber Frequency Comb
3.2.1 The Mode-locked Erbium Fiber Laser
The schematic setup for the NPR fiber laser oscillator developed in our lab is illustrated
in Figure 3.1 (a). The name of the NPR laser comes from its modelocking mechanism,
which is the nonlinear-polarization rotation (NPR) technique. When a linearly polarized
intense pulse propagates in an optical fiber, the polarization state changes into elliptical
and experiences rotation by a intensity-dependent angle. This is partly caused by the
birefringence in the fiber, but for intense pulses, it is also due to the nonlinear effects such
as self-phase and cross-phase modulation. By placing a polarizer afterwards, the power
throughput of the system is intensity dependent. A single polarization is selected by the
intracavity polarization-sensitive isolator and the polarization controllers on each side of the
isolator such that the maximum transmission (minimum loss) of the system occurs for the
highest possible optical intensity. A piece of 64 cm long erbium-doped fiber (Liekki Er110) is
forward-pumped by a 300 mW diode at 980 nm. A hybrid wavelength division multiplexer,
or WDM (HYBW-98-2-1-B-1-0 by AFW Fiber Optics) is used in this ring configuration,
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which includes a 980/1550 nm WDM, single-stage isolator and a 90/10 output coupler. The
WDM combines the pump and signal at different wavelengths. All fiber components in the
oscillator are fusion spliced, except the phase shifter, which has FC/APC connectors on
both ends. The phase shifter serves as a PZT stretcher, allowing feedback control for the
cavity length. Figure 3.1 (b) shows the actual laser in a Styrofoam box in our lab.
Figure 3.1: (a) Schematic diagram of the all-fiber NPR laser oscillator. (b) NPR laser
oscillator in the lab.
There are two types of fibers in the oscillator: the erbium-doped fiber (EDF) and the
standard single mode fiber (SMF), with opposite dispersion signs. There are two modelock
regimes: soliton regime and streched-pulse regime, roughly classified according to the net
cavity dispersion of the laser cavity. Figure 3.2 shows the lasing transition from one regime
to the other, as we cut back the SMF in the laser cavity. The net cavity dispersion increases
from a negative value to a less negative value closer to zero. If the net cavity dispersion
is slightly negative, the laser tends to lase in the solitonic regime, resulting in spectra that
exhibit the typical feature of Kelly sidebands, shown in Figure 3.2 (a)-(d). The origin of
the Kelly sidebands is as follows: in a ring fiber laser, a solitonic pulse experiences periodic
perturbation as it travels a complete cavity round trip each time. A perturbed soliton tends
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Figure 3.2: The modelock spectrum of the NPR fiber laser as we cut back SMF length to
increase repetition rate.
to shed dispersive waves in order to readjust itself into a new soliton. These dispersive waves
are phase matched at certain wavelengths and accumulate as sharp spectral sidebands. As
the net cavity dispersion increases from negative toward zero, the laser tends to lase during
the stretched-pulse regime, as shown in Figure 3.2 (e).
In the stretched-pulse regime, the Kelly-sidebands disappear and spectral bandwidth
increases. It is noticeable that the 3 dB spectral bandwidth increases from 10 nm to almost
30 nm from (a)-(e). However, the laser is more difficult to mode-lock in the streched-pulse
regime. Therefore, the final length of SMF is optimized to give a repetition rate of 89.9
MHz, resulting in an estimated net cavity dispersion of -0.030 ps2. Figure 3.3 shows the
pump diode calibration curve and the final laser output spectrum. The spectrum is centered
at 1562 nm with 30 nm bandwidth, with a total output power of 3.8 mW.
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Figure 3.3: (a) Pump diode output power as a function of pump current. (b) NPR laser
oscillator typical output spectrum.
3.2.2 f0 Stabilization of Mode-locked Fiber Laser
Phase stabilization of a frequency comb requires the stabilization of two comb parameters:
the carrier-envelope offset frequency f0 and repetition rate frequency frep. For conventional
RF referenced combs, both two parameters are locked to RF references. In this work, frep is
stabilized by locking a single optical comb tooth, while f0 is locked to an RF reference. Now
we will be mainly focused on the f0 detection and stabilization. Single tooth stabilization
will be discussed in Chapter 4.
A common method to generate f0 is the self-referencing technique, as discussed in Sec-
tion 1.2.1. Figure 3.4 shows the experimental setup for self-referenced f0 generation. It con-
tains four stages: (1) laser power amplification in an erbium-doped fiber amplifier (EDFA),
(2) pulse compression to increase the pulse peak power, (3) supercontinuum (SC) generation
inside highly-nonlinear fiber (HNLF), and (4)a collinear f-2f interferometer for f0 generation
using the self-referencing technique. All these four stages were initially designed and opti-
mized by our previous group member Jinkang Lim for another carbon nanotube laser in our
lab, which degraded after years of use. For my work, I replaced the degraded laser by the
newly-built NPR laser. Since the pulse duration and peak power from the oscillator were
changed, I had to make a few changes in later stages for an optimized f0 beatnote. My main
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efforts were re-optimizing: (1) the EDFA pump currents, (2) the SC spectrum by optimizing
the oscillator spectrum and polarization states during the power amplification and spectral
broadening process, (3) the temporal delay for the f-2f interferometer to achieve a f0 beanote
signal, and (4) the optical alignment of the f-2f interferometer.
Figure 3.4: Schematic setup for f0 generation.
Here, I will only briefly introduce some of the details for each of the four stages based on
Jinkang’s previous work [51]. For laser power amplification, the 10.5 m of EDF is composed
of 4.7 meter Liekki Er 30 and 5.8 meter Nufern EDF. An inline dual stage isolator (ISO) is
used to avoid any reflection from the interface between the laser oscillator and the amplifier.
The amplified pulses are later compressed using a 2.9 meter hollow-core photonic bandgap
fiber (PBGF), made by J. C. Knight’s group at the University of Bath, UK. It has the GVD
of -2.55 × 10−5 fs2/nm at 1550 nm. Since direct splicing of PBGF to the following HNLF
causes high loss of more than 6 dB, a short piece (14 cm) of SMF is used as the bridge fiber
to reduce the splice loss. The SC was generated from 1.0 µm to 2.2 µm with a 40 cm length
of OFS HNLF, shown in Figure 3.5 (a).
For second harmonic generation (SHG), a periodically poled lithium niobate (LiNbO3,
or PPLN) crystal (by Stratophase) is used to double the frequency at 2060 nm. The name
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Figure 3.5: (a) Supercontinuum generation from the NPR fiber laser. (b) Second harmonic
generation from the collinear f-2f interferometer setup for 2060 nm.
“periodically poled” refers to the fact that the orientation of the crystal is engineered to be
periodically inverted, or poled, for a maximum conversion efficiency. The inverted portions
generate photons that are 180◦ out of phase compared with the photons that would have been
created if the crystal had not been poled. By choosing the correct periodicity, the newly
generated photons will always interfere constructively with previously generated photons
as light travels down the crystal, resulting in a high conversion efficiency of generating
frequency-doubled photons. The PPLN crystal used in our setup has a physical dimension
of 10 mm × 10 mm × 0.5 mm, with seven poling periods from 29.5 to 32.5 µm in steps
of 0.5 µm for different phase matching purposes. A few aspheric lenses are used to focus
a free space Gaussian beam into the crystal for SHG, illustrated in Figure 3.4. CL1 is a
collimating lens to collimate diverging light out from a SMF to free space. FL1 focuses the
beam to the center of the PPLN crystal. FL2 and CL2 collimate the diverging beam from
the crystal and focus it back into a SMF as the output. The focal length of these lenses are
chosen based on the compromise between two preferences: a tight focus (or a small beam
waist) inside the crystal is preferred to achieve a high conversion efficiency because high
pulse intensity facilitates the nonlinear effects. But if the beam waist is too small, yielding
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a Rayleigh range shorter than the crystal length, part of the beam will be cut by the crystal
since the beam diverges too fast. The resulting beam waist is measured to be ∼ 10 µm
inside the crystal, yielding a maximum SHG peak power of -38 dBm/nm obtained in a SMF
(with a 1030 nm optical bandpass filter before the SMF), as shown in Figure 3.5 (b). The
poling period we used was 32.0 µm under a crystal temperature of 110◦C.
Figure 3.6: (a)-(d): Optimization of temporal delay by cutting back SMF after HNLF for
f0 beanote generation. f0 SNR from 9 dB to 23 dB observed on the RF spectrum analyzer.
In order to have beanote occur between 1030 nm (f2n, namely the “fundamental compo-
nent”) and the second harmonic of 2060 nm (fn, namely the “second harmonic component”),
we need both components to arrive at the photodetector at the same time. In other words,
we need to compensate the temporal delay between the two components caused by fiber
dispersion. For our collinear setup, this has been done by adding a short piece of SMF
right after the HNLF. The length of the SMF is optimized by maximizing the SNR of the f0
beatnote. Figure 3.6 shows the RF spectrum of the f0 beatnote generated. The signal at 90
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MHz is the repetition rate signature. A pair of f0 beatnotes (one at f0, the other at frep - f0)
are observed in Figure 3.6 (a)-(d), with an increasing SNR as we cut back the SMF length.
When the SMF length is 11.5 cm, the optimized f0 has a SNR of 23 dB with 1 MHz RBW
and peak power of -37 dBm.
Figure 3.7: Overview schematic setup for NPR comb stabilization, including both f0 and
single comb tooth stabilization.
Figure 3.7 shows the overview phase stabilization of the NPR comb. A total output of
3.8 mW from the NPR oscillator is split into three portions: (1) the majority (90%) of light
goes for f0 generation, which is stabilized to an RF reference as we will discuss shortly, (2)
a small portion (9.5%) of the output is optically amplified for single comb tooth saturated
absorption spectroscopy (SAS), discussed in detail in Chapter 4, and (3) the last portion
(0.5%) is for repetition rate monitoring.
For f0 stabilization, the f0 signal from the f-2f interferometer is first mixed with a 1 GHz
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reference signal and bandpass filtered at the difference frequency of 1030 MHz for an f0 locked
to 30 MHz. This signal is then frequency divided by 60 to improve the servo capture range,
Figure 3.8: Plot of f0 stability measurement at 100 ms gate time.
and compared with a second reference signal at 17.17 MHz in a phase-sensitive detector. The
resulting error signal is DC-coupled into a servo filter (LB1005 by Newport), which drives
the pump current to control the pump power of the fiber oscillator. All synthesizers used
in the setup are externally referenced to our GPS-disciplined Rb oscillator. This approach
allows f0 to be independently stabilized to a level of a few Hz at 30 MHz for over ten hours
with 100 ms gate time, as shown in Figure 3.8.
3.3 Fabry-Perot Filtering Cavity Design
3.3.1 The Ideal Fabry Perot Cavity
A basic Fabry-Perot (FP) cavity consists of two reflective mirrors separated by a distance
L with light incident from the left, as shown in Figure 3.9. The reflectors can be curved
or flat, giving different stability characteristics, which I will talk about in Section 3.3. For
now, we just look at a simple model with two flat mirrors.
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Figure 3.9: Schematic diagram of a Fabry-Perot as a multiple beam interferometer.
The cavity is approximated as a pair of identical ideal flat mirrors, each with amplitude
reflectivity coefficient r and transmission coefficient t, where r2 + t2 = 1. The amplitude of
the incident electric field can be approximated by a perfect plane wave.
Ainc = A0e
iωt (3.1)
If we denote the reflected amplitude from the first mirror by Bi, and the partially trans-
mitted amplitude from the second interface by Ai, the amplitudes of each of the transmitted
waves can thus written as:
A1 = TAinc = t
2A0e
iωt (3.2)
A2 = r
2A1e
−iδ = r2t2A0ei(ωt−δ) (3.3)
A3 = r
2A2e
−iδ = r4t2A0ei(ωt−2δ) (3.4)
... ... ... ...
An = r
2(n−1)t2A0ei(ωt−(n−1)δ) (3.5)
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where δ is the optical phase acquired by the light on one round trip due to the different
path lengths, which is given by
δ = 4pinL cos θ/λ (3.6)
where n is the index of refraction, θ is the incident angle, and λ is the wavelength of the
laser. Therefore, the sum of all transmitted wave amplitudes, At, can be calculated as:
At = A0e
iωt(
t2
1− r2eiδ ) (3.7)
The fractional output intensity, or power transmission, from the FP cavity is given by:
It
Iinc
=
At(At)
∗
Ainc(Ainc)∗
=
(1− r2)2
(1− r2)2 + 4r2 sin2(δ/2) (3.8)
Sometimes, the power transmission ratio is written as
It
Iinc
=
1
1 + F sin(δ/2)
(3.9)
where F is known as the coefficient of finesse, and is given by
F = (
2r
1− r2 )
2 =
4R
(1−R)2 , withR = r
2 (3.10)
R is introduced as the power transmission of the mirror. Eqn 3.9 is known as the Airy
function. We can see that maximum transmission occurs when
δ =
4pinL cos θ
λm
= 2mpi, wherem = any integer. (3.11)
A more useful expression for the locations of maximum transmission is given in terms of
frequency
νm = m
c
2nL cos θ
, wherem = any integer. (3.12)
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We can notice that the frequency separation between successive peaks is a constant value
for a given FP cavity and incident beam, known as the free spectral range (FSR) of the FP
cavity:
FSR = νm+1 − νm = c
2nL cos θ
, wherem = any integer. (3.13)
The ratio It/Ii is plotted as a function of FSR in Figure 3.10 for mirror pairs with different
Figure 3.10: Fabry-Perot cavity transmission ratio as a function of cavity free spectral
range. Plotted for mirror reflectivity R = 4 %, 50 % and 96 %.
power reflectivityR. AsR increases, the transmission window becomes narrower. A common
feature to characterize the shape of the cavity transmission is called Finesse F , which is
defined as
F = pi
√
R
1−R (3.14)
However, a more useful expression for the finesse is written in terms of the cavity resonance
linewidth (∆ν) and the cavity FSR
F = FSR
∆ν
(3.15)
A similar quantity to describe the quality of a cavity is called the quality factor, or
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Q-factor, which is defined as
Q =
ν
∆ν
(3.16)
Here, I will spend a few words to explain the highly reflective case (blue curve) in
Figure 3.10. It tells us two facts about an ideal FP cavity (R + T = 1) with an R close to
1. If the frequency of the incident beam lies within the frequency width ∆ν of the cavity
resonance, in which case we say the incident light is in resonance with the cavity, light will
be transmitted completely (It/Iinc = 1). Otherwise, when the incident light is off resonance
with the cavity, light will be reflected off the first cavity mirror completely.
The first fact is somewhat surprising given the fact that both mirrors have equally high
reflectivity but no light is reflected off the mirrors. This puzzling phenomenon can be
explained by the destructive interference between the waves leaking out from inside the
cavity (T is small, but > 0) and the reflected waves. Meanwhile, the waves inside the FP
cavity exhibit constructive interference leading to a build-up of intra-cavity intensity such
that the intensity transmitted through the second mirror equals the initial beam intensity.
For R = 0.9999 the intra-cavity intensity is 10,000 (1/T ) times higher than the incident
beam intensity.
If the light source is suddenly shut off, it will take some time for the energy stored inside
the FP cavity to dissipate. This temporal decay time τ , or the storage time, also determines
the time it takes for the cavity to be fully operational after the light source is switched on
again. An important fact about the cavity storage time is that processes occurring on a
faster time scale than the cavity storage time, such as the intensity or frequency fluctuations
of the incident light, can be filtered by the FP cavity.
The cavity storage time is inversely proportional to the resonance bandwidth. The time
for a l/e fraction ( ≈ 0.368) of the initial energy to remain inside the FP cavity is given by:
τ =
1
2piδν
(3.17)
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3.3.2 The Real Fabry Perot Cavity
The real Fabry-Perot cavity differs from the ideal cavity in two aspects. One is the cavity
finesse, the other is the cavity loss.
A high quality FP cavity exhibits both a high finesse and a high cavity Q-factor. How-
ever, in reality, the finesse of a free space cavity is typically 100-200. The limitations of
cavity finesse are from the mirror imperfections and beam alignment. An effective finesse
Feff can be calculated by [98–100]
1
F2eff
=
1
F2R
+
1
F2Defect
+
1
F2Mode
(3.18)
where FR is the reflective finesse calculated by Eqn 3.14, FDefect is the finesse associated
with surface defects and is determined by the optical quality of the mirror substrate, while
FMode is the finesse due to the mismatch of the wavefront and the surface, which can be
optimized with a precise beam alignment. Take the plano cavity in Ref. [100] for example,
the identical mirrors they used have a surface quality of λ/10 at 633 nm, with high reflectivity
of R = 99.0% ± 0.1%. The measured cavity finesse is F = 275 ± 19, while the calculated
finesse is FR = 312 ± 30 based on the mirror reflectivity. However, with special mirror
fabrication techniques, ultra-stable FP cavities with finesses of up to 150,000 are able to be
realized [101,102].
The other factor that makes the real FP cavity different from the ideal ones is the cavity
loss, resulting in the cavity transmission ratio It/Iinc less than unity. The loss is mainly due
to the fact that light bouncing back and forth inside the cavity experiences losses due to
absorption or scattering on the mirror surface. For a fixed cavity finesse of 200, the total
transmission can be as low as 50% even though the loss per bounce may be only 1%.
Another factor that may significantly increase the cavity loss is non-perfect mode-
matching, especially for spherical cavities. This means that the wavefront curvature needs
to be perfectly matched with the spherical curvatures of the cavity mirrors for a high cavity
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transmission. If the input beam is not mode-matched to the cavity, the transmitted intensity
of any given mode will be fairly low.
3.3.3 Stability Concerns
An optical cavity consisting of two mirrors is called “stable” when an incident beam launched
inside the cavity parallel to the optical axis remains inside the cavity after an infinite number
of bounces. The lack of the self-reproduction of spherical waves inside the cavity results in
an “unstable” cavity [103].
Figure 3.11: Stability diagram for an optical cavity [104].
By introducing g1 and g2
gi = 1− L
ρi
, where i = 1, 2. (3.19)
where ρi is the radius of curvature of either of the two cavity mirrors, which is a positive
value for a concave mirror and negative value for a convex mirror, the condition for a stable
78
resonator is
0 < g1g2 < 1 (3.20)
This condition can be visualized in the stability diagram, or the g-diagram, shown in
Figure 3.11. In this diagram, an optical cavity with certain configurations is represented by
a point in a g1-g2 plane. The shaded area represents the choices of g1 and g2 for a stable
resonator. Both the confocal cavities (mirror radius of curvature equals cavity length) and
plano cavities are commonly used. Confocal cavities have less alignment sensitivity, and are
usually considered as a stable resonator. However, the FSR of a confocal cavity is only half
of that of a plano cavity given the same cavity length. This is due to the degeneracy of the
transverse modes inside the cavity [103]. As a result, the mode spacing will be half of c/2L.
3.3.4 Transverse Modes
For a stable resonator, the field distributions for steady-state can be found by solving the
Kirchhoff integral equation analytically [102]. The solutions represent the eigenmodes of
the optical resonator. In principle, there exist an infinite number of eigenmodes.
Due to the boundary conditions set by the cavity mirrors with a finite size, those eigen-
solutions can exhibit different symmetries depending on the mirror shape. Rectangular
mirrors lead to a number of eigensolutions called Gauss-Hermite modes, which have rectan-
gular symmetry. In most cases, round mirrors are used, which have Gauss-Laguerre modes
with circular symmetry as solutions, shown in Figure 3.12 [105].
These Gauss-Laguerre modes are labeled by TEMpl, where p and l are integers label-
ing the radial and angular mode orders, as shown in Figure 3.12. This figure shows the
transverse mode profiles. The longitudinal profile of the mode is a standing wave inside the
cavity, which has n number of nodes. Various modes in the cavity have different resonant
frequencies, and are represented by different n, p and l numbers.
In both rectangular and circular symmetries, the TEM00 mode has the same round shape
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Figure 3.12: Gauss-Laguerre modes inside a Fabry-Perot cavity [105].
with a Gaussian intensity distribution, which is the mode with the smallest size that can
oscillate in a stable resonator. The TEM00 is often referred to as the fundamental mode,
and is the mode we want to excite inside the cavity. Other transverse modes are referred to
as the higher order modes, which we want to avoid exciting in the cavity.
3.3.5 Filtering a Comb
The principle for comb filtering using a Fabry-Perot cavity is illustrated in Figure 3.13. If we
adjust the Fabry-Perot cavity free spectral range (FSR) such that the separation between
successive transmission peaks is exactly m times the comb repetition rate, i.e.
mfrep = FSR =
c
2L
, wherem = any integer, (3.21)
then only those comb teeth that are overlapped with the cavity transmission peaks will
transmit through the cavity. Comb teeth that lies in between the transmission peaks, or
the side modes, are suppressed.
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Figure 3.13: Illustration of comb filtering using Fabry-Perot cavity. (a) A frequency comb
and cavity fundamental mode before filtering (shown in frequency domain). (b) Suppressed
comb after passing through the cavity. FSR: free spectral range of the cavity.
The side-mode suppression ratio is an important characteristic for comb filtering, which
is defined as the residual power transmitted versus the original power for the side modes.
Now we will try to derive the mathematical expression for the suppression ratio.
The fractional power transmission from the FP cavity is given by Eqn 3.8. Considering
an air-filled FP cavity, for normal incident beam, Eqn 3.8 can be re-written in terms of
frequency f instead of wavelength
T (f,R, L) =
It
Iinc
=
(1−R)2
(1−R)2 + 4R sin2(2pifL
c
)
(3.22)
Now the side-mode suppression ratio ρ can be obtained by replacing f in Eqn 3.22 with
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frep.
ρ = T (frep, R, L) =
(1−R)2
(1−R)2 + 4R sin2(2pifrepL
c
)
=
(1−R)2
(1−R)2 + 4R sin2( pi
m
)
(3.23)
The above Eqn 3.23 gives the expression for a single-pass two-mirror FP cavity. Note
that the suppression ratio is only determined by the mirror reflectivity and the selection
ratio m = FSR/frep based on this expression. By designing the cavity in a double-pass,
or triple pass configuration, with the same mirror separation L, the suppression ratio can
be greatly improved [106]. The suppression ratio plotted in dB scale in Figure 3.14 is the
calculated value for three types of configurations, under the assumption of perfect spatial
mode coupling of the comb to the cavity fundamental mode. When the selection ratio m
= 20, for a moderate cavity finesse of 200, a high suppression ratio of 60 dB is expected
from a double-pass cavity. In the single-pass case, the same suppression ratio would require
a high finesse of 10,000. For a triple-pass cavity, the same suppression ratio is given by an
even lower finesse but at the cost of setup complexity. For these reasons, we initially chose
to use the double-pass configuration for our comb filtering. Later, we had to modify it into
a single-pass configuration (for higher cavity transmission power) with higher FSR to avoid
mode competition in the injection locking process (Section 4.4.2).
To decide what cavity mirrors to use and the cavity FSR for comb filtering, we would like
to avoid the situation in which higher order transverse modes of the cavity coincide with the
comb teeth we want to suppress. This will not only transmit the unwanted comb teeth, but
also destroy the mode-matched coupling and reduces the cavity transmission significantly.
Therefore, a theoretical calculation is necessary to help select appropriate values of the
mirror radius of curvature (ROC) and cavity length (L) for a given comb repetition rate.
The goal here is to make suitable choices such that the cavity higher order transverse modes
are located in between comb teeth.
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Figure 3.14: (a) Schematic setup for a linear single, double, and triple-pass cavity configu-
ration. (b) Side-mode suppression ratio (in dB) for multi-pass cavity configuration, selection
ratio m = 20.
According to Ref. [106], the resonant frequencies of a cavity are given by
νn,p,l =
c
2L
(n+
1 + p+ l
pi
arccos(
√
g1g2)) (3.24)
where n, p and l are the longitudinal and transversal mode numbers, as described in Sec-
tion 3.3.4, and g1 and g2 are the g-parameters defined by Eqn 3.19.
Figure 3.15 displays the calculated comb filtering scheme. The vertical lines in both plots
represent comb teeth, and the curves in the figure are the higher order cavity transverse
modes (only p + l = 1, 2, 3, 4, 5 are included in the calculation). Figure 3.15 (a) shows two
sets of cavity transverse modes based on different choices of mirror parameters, plotted in
black and grey, respectively. The black curve avoids overlapping between the high order
transverse modes and comb teeth, only allowing the major teeth to transmit (at frep = 0
and 10), which is what we want. However, a few peaks in the grey curve coincide with
a number of comb teeth (at frep = 1, 2, 3, 4). Thus this set of mirror parameters is an
unfavourable choice.
In our case, we would like to filter a comb with a repetition rate of about 100 MHz.
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Figure 3.15: Calculated comb filtering scheme. The cavity high order modes (curves) should
be arranged in between comb teeth (red vertical lines). (a)Black and grey curves represent
favourable and unfavorable choices, respectively [106]. (b)One set of cavity parameters giving
cavity high order modes that are not overlapped with comb teeth.
Figure 3.15 (b) shows the resulting filtering scheme for one possible set of mirror parameters.
Both mirrors have identical radii of curvature of 7.5 cm. The cavity FSR is about 2.2 GHz.
In later Section 3.4.1, I will talk about how to align such a FP cavity.
3.3.6 Mode-Matching
As discussed in Section 3.3.2, for a maximum cavity transmission, the wavefront curvature
of the incident laser beam needs to be matched to the fundamental mode of the FP cavity.
This is called mode-matching. Non-perfect mode-matching may result in significant cavity
loss. Figure 3.16 shows the basic schematic of a double-pass cavity setup. A retro-reflector
is added for creating the second-pass laser beam. For now, we only want to focus on the
Gaussian beam propagation in the setup. Therefore, necessary polarization optics required
for a double-pass design are omitted in this simplified picture.
For a given pair of cavity mirrors, we need to decide: (1) the focal length f1 and location
x1 of the focusing lens FL3 before the cavity, and (2) the radius of curvature (Rr) and
location x2 of the retro-reflector. Since we already know the ROC of the mirrors and
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Figure 3.16: Mode-matching schematic for a double-pass Fabry-Perot cavity.
cavity length, we will start by solving the Gaussian beam parameters inside the cavity, then
extend its propagation outside the cavity. The Rayleigh range of the Gaussian beam inside
the cavity can be calculated by
zR = z
√
ROC(z)
z
− 1 = L
2
√
ROC(z = L/2)
L/2
− 1 (3.25)
For a 2.2 GHz cavity, the cavity length L = 6.82 cm. At z = L/2, ROC is 7.5 cm. Plugging
these values into Eqn 3.25, we have zR = 3.74 cm. At our wavelength of 1550 nm, the beam
waist inside the cavity can be calculated to be ω0 = 136 µm by equation
ω0 =
√
zRλ
pi
(3.26)
With the intracavity beam parameter known, it is now straightforward to calculate the beam
propagation outside the cavity. To decide which retro-reflector and focusing lens (FL3) to
use, one can use the ABCD matrix method and solve the equations for a precise result,
which I will briefly discuss at the end of this section. An alternative and easier way is to
use ray optics equations for a good estimation. With either method, there exist multiple
solutions. One should choose a suitable solution considering the physical spacing of the
setup and availability of optics.
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For the choice of FL3, assuming light propagates from FL3 (Figure 3.16) and is focused
at the intracavity beam waist, the curved mirror acts like a diverging lens. Using the thick
lens equation, the effective focal length of the cavity mirror is
1/fc,eff = (n− 1)[ 1
Rc,1
− 1
Rc,2
+
(n− 1)d
nRc,1Rc,2
] (3.27)
where n = 1.5 is the refractive index of the mirror substrate, RC,1 = ∞ and RC,2 = 7.5
cm are the radii of curvature of the front and back surfaces, and d is the mirror thickness.
Therefore, we have the first cavity effective focal length 1/fc,eff = -15 cm. The combined
effective focal length for FL3 and the first cavity mirror is then
1
f3+c,eff
=
1
x1 + L/2
=
f3 × fc,eff
f3 + fc,eff − x1 . (3.28)
In Eqn 3.28, there are two unknowns: f3 and x1. In principle, one can choose an arbitrary
f3 and calculate for x1. But it is preferred to choose a large focal length f3 for a collimated
beam with long Rayleigh range. This also affects the beam size reduction ratio for the
telescope lenses before FL3. We do not want this ratio to be too big, because the reflected
beam from the first cavity used for later locking purposes will be expanded by the same
ratio. It would be hard to couple the expanded beam back into the fiber if the beam size is
larger than the aperture of the aspheric lens (AL1, Figure 3.17). For the 1.9 GHz double-
pass cavity, the focal length we chose for FL3 is 150 mm, with the calculated x1 = 13.24
cm. The collimated beam size before FL3 can be calculated based on the Gaussian beam
focusing equation:
ω′0 =
λf3+c,eff
piω0
. (3.29)
With f3+c,eff = 17 cm, λ = 1550 nm, we have ω
′
0 = 617 µm, close to the measured value of
642 µm. The telescope ratio we chose is about 3.27, with the focal length of FL1 and FL2
to be 50 mm and 15.29 mm, respectively.
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The parameters of the retro-reflector can be calculated in a similar way. Again, there
is more than one choice. The further away the reflector is from the cavity, the larger ROC
is required, resulting in a larger beam size. With a 20 cm ROC reflector, the position is
calculated to be about 19 cm away from the intracavity beam waist, with a beam diameter
of 1.4 cm incident on the reflector. This is a proper length considering the insertion for other
components in between the second cavity mirror and the reflector, i.e. a Faraday rotator
and a polarizer, as shown in Figure 3.17.
Finally, as an example, I will briefly show how to calculate the parameters for the retro-
reflector using the ABCD matrix method. Starting from the cavity waist Figure 3.16, as
the beam propagates to the retro-reflector and is then bounced back into the cavity waist
again, the ABCD matrix for this trip is
A B
C D
 =
1 L/2
0 1

 thick lens
curved front

1 x2
0 1

 1 01− n
Rrn
1
n

1 x2
0 1

thick lens
flat front

1 L/2
0 1

with
 thick lens
curved front
 =
1 0
0 n

1 d
0 1

 1 01− n
Rc
1
n

and
thick lens
flat front
 =
 1 0n− 1
Rc
n

1 d
0 1

1 0
0
1
n

(3.30)
Here, Rc and Rr are the radius of curvature of the cavity mirror and retro-reflector, L is the
cavity length, n = 1.5 is the refractive index of the lens substrate. The matrix elements A,
B, C, and D can be expressed with the two unknowns x2 and Rr. The q-parameter for the
beam at the intracavity waist is
1
q0
= −i λ
piω20
(3.31)
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This beam parameter does not change after this trip, therefore we have
q0 =
Aq0 +B
Cq0 +D
(3.32)
By solving Eqn A.23, we can find the value of x2 for any given Rr.
3.3.7 Summary
Designing a Fabry-Perot filtering cavity requires careful selection of a couple of cavity pa-
rameters. To summarize, below are a few general guidelines that help with the design.
(1) For comb filtering purposes, a high suppression ratio ( > 40 dB) is always desired.
This requires high cavity finesse ( > 1,000) in a typical single-pass cavity, which is practi-
cally difficult. However, by using a double-pass configuration, a high suppression ratio can
be achieved using a relative low finesse cavity (∼ 100).
(2) In general, high cavity finesse is preferred as it gives a high cavity suppression ratio.
However, there are a few concerns about a high finesse cavity. First, if the finesse is too
high such that the transmission peaks are narrower than the comb linewidth, part of the
comb teeth cannot be transmitted, which results in a reduced cavity power transmission.
Second, sharper transmission peaks make the cavity more sensitive to dispersion, leading
to a limited transmission bandwidth [91]. Every time the beam is reflected by the cavity
mirror, the phase changes slightly giving an ununiform spacing between comb teeth. As
this phase walk-off is cumulated large enough (within certain spectral bandwidth), comb
teeth can not be overlapped with the cavity transmission peaks any more. Therefore, the
cavity transmission is only limited to a certain spectral bandwidth. This spectral limitation
would be an important factor to consider only if one wanted to transmit a large bandwidth
( > tens of nms) comb. Since we are only filtering a comb with a narrow bandwidth of 50
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GHz around 1532.8 nm, dispersion concern is beyond our needs. Third, a narrow resonance
linewidth means a longer cavity storage time. For cavity stabilization techniques that rely
on cavity transmission signals, a long cavity storage time slows down the response of the
entire servo loop. However, in our case, a reflection technique is used for our cavity locking
(will be discussed in Section 3.4.2), which should not be limited by the cavity storage time.
(3) Regarding the selection of the cavity length and radius of curvature of the cavity
mirrors, one first needs to satisfy the stability condition, which can be discerned from the
stability diagram (Section 3.3.3). To ensure proper comb filtering, it is better to have the
higher order cavity transverse mode not coincide with any of the comb teeth that one wants
to suppress. Theoretical calculations can be done for any given sets of mirror parameters.
In general, the smaller the selection ratio m = FSR/frep is, the more easily one can make
the choice. Because the suppressed comb teeth are less dense for small m, it is easier to
avoid overlapping with the high order modes.
(4) For high cavity transmission and finesse, mode-matching the wavefront curvature
of the incident Gaussian beam with the cavity mirror curvature is essential. Non-perfect
mode-matching due to either using the inappropriate optics or misalignment can result in
huge cavity loss.
3.4 Filtering Cavity Implementation
3.4.1 Cavity Alignment
Figure 3.17 displays the schematic diagram for the initial 1.9 GHz double-pass Fabry-Perot
cavity we built for comb filtering. Later, we had to modify it into a 9.4 GHz single-pass
cavity to avoid mode competition in the injection locking process (Section 4.4.2). Here, I
will talk about cavity alignment techniques using the double-pass cavity as an example.
89
The idea of this double-pass configuration comes from Ref. [52]. A narrow bandwidth
frequency comb is optically amplified using an erbium-doped fiber amplifier (EDFA) and
coupled into free space through a fiber-based circulator into a collimated beam using an
aspheric lens (AL1). With proper polarization control inside the fiber, this collimated beam
has a linear polarization. The beam size is reduced by a factor of three using a telescope
which consists of a pair of focusing lenses to achieve the required beam size for optimum
mode-matching. The beam is then focused into the FP cavity with FL3 (focal length =
150 mm), resulting in an intra-cavity beam waist of 136 µm. Any reflection from the first
cavity mirror is coupled back into the fiber along the incoming beam trajectory and exits
through the fiber circulator port 3 for cavity locking purposes. The light that enters the
Figure 3.17: Schematic for a double-pass Fabry-Perot filtering cavity. EDFA: erbium-doped
fiber amplifier, Cir: circulator, PDH: Pound-Drever-Hall, LAPD: large-area photodetector,
PBS: polarization beam splitter, AL: aspheric lens, FL: focusing lens, FR: Faraday rotator,
Pol: linear polarizer.
cavity experiences a number of bounces by the two highly-reflective mirrors before it exits
the cavity, forming the first-pass beam. The first-pass output then goes through a Faraday
rotator and thus experiences a polarization rotation of 45◦. The light bouncing back from
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the retro-reflector experiences another 45◦ rotation inside the Faraday rotator and forms the
second-pass beam entering the cavity with a linear polarization orthogonal to the first pass.
Again, after a number of intra-cavity bounces, the second-pass beam exits the polarization
beam splitter as the final cavity output.
Before we setup the optics, we need to first glue the PZT to one of the cavity mirrors
for later locking purposes. Both cavity mirrors have a diameter of 0.5 inch and thickness of
0.375 inch. The PZT we used is a ring actuator (CMAR03 by Noliac) with an inner diameter
of 6 mm and the outer diameter matched to the cavity mirror. The major concern for gluing
the PZT to the mirror is that we would like to have a PZT frequency response as high as
possible, since in most cases the PZT response (typically tens of kHz) is the limiting factor
in a servo loop. An appropriate choice of glue and clamping the two pieces together while
the glue is curing are the two keys that help achieve a high frequency response. To choose
the glue, a soft epoxy is preferred, as hard epoxy (i.e. 5 min super glue) tends to cause
piezo deformation, which will limit the PZT performance and in the worst case can damage
the piezo. The epoxy we used (Epo-Tek305 by Fiber Optic Center Inc.) has a Shore D
hardness of 66 (while super glue has a Shore D hardness of 85) and a long curing time for a
couple of hours. While the glue is curing, it is recommended by the PZT manufacturer that
a 2-5 MPa pressure should be applied, corresponding to at least 40 pounds of weight on top
of our cavity mirror considering the mirror size. The pressure ensures a thin and uniform
glue layer and helps the response of the PZT greatly. One trick of doing this is to have the
mirror mounted on a hard flat surface so that the PZT is facing upwards. Meanwhile, setup
a moveable plate facing downwards using a micrometer stage at a height slightly above the
PZT. The pressure can be applied to the PZT as one moves the plate down and presses
the PZT surface. The micrometer stage allows fine control of the pressure. The frequency
response of our cavity mirror glued with PZT is measured to be 20 kHz (Section 3.4.3),
probably limited by the weight of the mirror and the mirror mount.
With the cavity mirrors prepared, we can now start setting up the free space optics in
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Figure 3.17 for comb filtering. The biggest challenge for coupling a frequency comb versus a
CW laser into an optical cavity is that the cavity length has to be exactly right as it requires
mfrep = FSR. However, the cavity length is hard to optimize when there is nearly no signal
until mfrep ≈ FSR. Therefore, for our convenience, it is better to use a CW source at first
to see cavity resonance regardless of the cavity length. Once the alignment for a CW laser
is optimized, one can switch to the comb and optimize the cavity length.
With a collimated CW light coupled into free space, one can start positioning the steering
mirrors M1 and M2. The goal is to have a straight beam (in 3D space) after M2. This can be
done by setting up two irises along the line with equal height, and adjusting the tilting knobs
on M1 and M2 such that the beam goes through both irises simultaneously. Then one can
install the lenses (FL1 to FL3) one by one without altering the beam path (we will skip the
waveplate and PBS for now). FL3 is mounted on a translation stage, allowing fine control
along the beam path. Now it is time to mount the first cavity mirror (CM1). To achieve
a better cavity stability, we built an aluminium block stage for mounting the two cavity
mirrors, as shown in Figure 3.18. The tilting angle for the first cavity mirror is optimized
such that the laser beam is perfectly retro-reflected back to the fiber circulator, resulting in a
maximum signal from the large-area photodetector (LAPD#1 in Figure 3.17). For aligning
the second cavity mirror (CM2), it is best to apply a voltage scan to the PZT for a cavity
length modulation larger than λ/2 so that at least one entire FSR will be observed in the
transmission. The reason for this modulation is to make sure that the cavity is constantly
on resonance with the laser beam during the scan. Without the modulation, the cavity may
not be on resonance with the laser during the alignment, and thus no light will enter the
cavity at all. With the second cavity mirror mounted on a translation stage roughly parallel
to the first mirror, it should be possible to see faint higher order cavity modes exiting from
the cavity using an IR card. Fine tuning the angle of the second mirror should give a
bright circular spot at the cavity output, which is the desired fundamental mode (TEM00)
(Figure 3.12). At this point, we can place another large-area photodetector after CM2 (not
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Figure 3.18: SolidWorks image for a double-pass Fabry-Perot filtering cavity showing the
comb filtering mechanism in both time and frequency domain. Inset: actual cavity mirror
setup in the lab.
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shown in Figure 3.17), and should be able to see cavity transmission peaks as we scan the
cavity length. Figure 3.19 (a) shows a non-optimized cavity transmission signal with a
few high order modes existing in the picture. By further fine adjusting the tilting angle of
both cavity mirrors and position of FL3 for an optimized mode-matching, the fundamental
transmission peaks can be maximized while the high order peaks are minimized, as shown
in Figure 3.19 (b).
Figure 3.19: Optimization of coupling a CW laser into the Fabry-Perot cavity. (a) Cavity
transmission for a non-optimized coupling scheme with prominent high order modes and
a reduced fundamental mode signal due to poor alignment or mode-matching. (b) Cavity
transmission for an optimized coupling scheme with a maximum fundamental mode signal.
With the first-pass beam well aligned, it is time to align for the second-pass beam.
We can now position the polarization beam splitter (PBS) before FL3 in the beam path
and make sure it is perfectly aligned. An obvious sign of non-optimized positioning is
the appearance of extra scattered light exiting the PBS at an angle, which can be easily
observed with an IR card. With the Faraday rotator and polarizer installed for a maximum
transmission signal on the large-area photodetector located after the cavity, the last step is
to place the retro-reflector. The retro-reflector can be mounted on a translation stage. Now
one should be expected to see light out from the output port of the PBS while fine adjusting
the mirror tilting knobs. The output power can be further maximized by fine tuning the
position of the retro-reflector for better mode-matching. It is best to lock the cavity to the
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CW laser such that the cavity is always on resonance with the laser while one is doing the
second-pass alignment. The locking techniques will be discussed in the following section.
Using the CW laser as a guide, one can optimize the alignment of the laser beam to
the cavity. It is now a good time to switch the laser source to a frequency comb. It is not
surprising that if one does not see resonances with a comb source at first, that is because the
cavity length is not exactly right. With a well-aligned cavity setup, it is straightforward to
fine adjust the cavity length by moving the micrometer stage for the cavity mirror until one
sees maximized resonances at the cavity output. In this case, the condition mfrep = FSR is
satisfied.
3.4.2 Cavity Stabilization: Pound-Drever-Hall locking
For proper comb filtering, the comb teeth are required to match up with the cavity trans-
mission modes (TEM00) in the first place. Therefore, stabilization of the FP cavity to the
laser source becomes necessary. A popular laser-locking method is the Pound-Drever-Hall
(PDH) locking technique based on fast modulation, very similar to the frequency modula-
tion spectroscopy described in Section 2.6. It was invented in 1983 by Ron Drever, based
on similar microwave techniques by R. V. Pound, and further implemented in laser’s field
by Jan Hall. Using this technique, the laser can either be locked to an ultra-stable cav-
ity [107], which is the most common way this technique is being used, or vice versa, an
optical cavity can be locked to a laser, which has been utilized in our work for comb filtering
purposes (discussed in Section 2.6). In addition to all the benefits of FM spectroscopy from
fast modulation, one important feature about PDH locking worth mentioning here is that
it is a reflection technique, which means that the error signal is generated based on the
reflected RF sidebands from the optical cavity. Therefore, the response of the error signal
is not limited by the cavity storage time (a counter example would be side locking, which
uses cavity transmission as the source to generate the error signal). The limiting factor for
the response would be the resonant frequency of the transducers in the system, i.e. the
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piezoelectric transducer (PZT) that changes the laser frequency. Additionally, because the
sidebands are not transmitted by the optical cavity, the transmitted field is unmodulated
and has very low noise. Similar to FM spectroscopy, PDH locking also suffers from RAM,
which gives an offset in the error signal, or sometimes asymmetries on the error signal.
As an initial test, we will first show how to lock the cavity to a CW laser, and then
move on to the comb. The locking technique we use is called the Pound-Drever-Hall (PDH)
locking.
Setup for PDH Locking
As we discussed in the Introduction Chapter (Section 2.5), PDH locking is a type of fast
frequency modulation technique based on the reflection signal from the cavity. It takes
advantage of an optical cavity property that all light is reflected off the cavity unless the
laser frequency is on resonance with the cavity. While the reflection intensity is symmetric
about the resonance frequency, the derivative of the reflection intensity is antisymmetric
across the resonance. By modulating the laser frequency, an antisymmetric error signal can
be produced and indicates which side of resonance the laser is on, and forces the following
servo to adjust accordingly.
Figure 3.20 shows the schematic setup for PDH locking. A CW laser passes through an
electro-optic modulator (EOM) and experiences phase modulation, which essentially adds
two sidebands with opposite phase to the laser carrier frequency. The modulation frequency
(fmod = 22 MHz in our case) is chosen to be larger than the laser linewidth. The light
then goes into the circulator and passes through the cavity. The reflected light goes back
into the circulator, exits from port 3, and is detected by a fast photodetector. Mixing the
photodetector signal with the original modulation signal that drives the EOM produces the
error signal. After passing a 2 MHz low pass filter (LPF), the error signal is fed into a servo
amplifier to adjust the cavity length by driving the PZT on the cavity mirror, thereby locking
the cavity resonance frequency to the CW laser frequency. The top curves in figure 3.21
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Figure 3.20: Schematic diagram for Pound-Drever-Hall locking. EOM: electric-optic mod-
ulator, LPF: low pass filter, HV driver: high voltage driver.
show the produced PDH error signal from both a CW laser and a comb, respectively, as
we scan the cavity length. The bottom curves show the resonance peaks when the cavity
is on resonance with the CW laser/comb tooth carrier and the two sidebands. The CW
error signal has a SNR of over 100, while the comb error signal SNR is limited to less than
20. The degradation of the SNR is mainly due to the reduced optical power per individual
comb tooth.
Understanding the PDH Error Signal
To understand the PDH error signal, we will look at the following two cases: when the laser
is (1) on resonance, and (2) off (but close to the) resonance with the cavity. Two terms are
defined based on Ref. [52]: prompt reflected beam and leaked beam. The prompt reflected
beam refers to the beam reflected off the first cavity mirror because it is not on resonant with
the cavity. The leaked beam is a small portion of the intra-cavity standing waves that leaks
through the first mirror, and is always on cavity resonance. The signal that is incident on
the photodetector is the beating between these two types of beams. In the first case, when
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Figure 3.21: Pound-Drever-Hall error signal when locking the Fabry-Perot cavity to (a) a
CW fiber laser, and (2) a frequency comb.
the laser is resonant with the cavity, the laser carrier enters the cavity, but both sidebands
are reflected. The photodetector sees the beat signal between two beats: the beat between
the leaked carrier and lower reflected sideband, and the beat between the leaked carrier and
the upper reflected sideband. Since the two sidebands are out of phase from each other, the
two beats cancel each other perfectly, which gives zero for the error signal at the modulation
frequency. In the second case, when the cavity is not quite perfectly resonant, the input
laser carrier has a frequency slightly shifted from the cavity resonance frequency, and so do
the sidebands. All three components will be reflected because none of them are on resonance
with the cavity. And all of them are at the same frequency as the input. But the carrier
frequency experiences a small phase shift. The leaked light is at cavity resonance. The
signal that is incident on the photodetector is mainly the beat between two beats: leaked
carrier beat with the lower sideband of reflected light, and leaked carrier beat with the upper
sideband of the reflected light. (There is also beating from the leaked carrier, which is on
resonance, and with the reflected carrier, which is slightly off resonance. But the resulting
signal is at a very low frequency. Since we will demodulate the signal at the modulation
frequency, this low frequency does not contribute to the final error signal.)
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Initial Locking
In principle, the filtering cavity can be stabilized to any comb tooth. However, for later
performing the saturated absorption, we need to choose a particular comb tooth that is as
close to the P(23) line as possible due to limited scan range for single tooth locking. To help
choose the right comb tooth to lock, we first stabilize a CW diode laser (Santec TSL-210) to
the P(23) transition as a reference. Then we optically heterodyne beat the filtering cavity
output with this reference. As we scan the cavity length, the cavity can be resonant with a
number of comb teeth. When the cavity is in resonant with the right tooth, the resulting
RF beatnote between the comb and CW reference is close to DC frequency.
Initial locking of the cavity to the laser is achieved using the home-made servo discussed
in Section 2.7.3. With an appropriate servo design, the steps for acquiring a lock should be
straightforward, and are described as follows: The first step for an initial lock is to optimize
the error signal. The error signal should be centered at zero voltage. Any voltage offset
can be compensated by adjusting the servo “input offset”. The SNR can be maximized by
adjusting the relative phase between the two synthesizers (Figure 3.20). The second step is
to check polarity. We manually scan the PZT voltage until the cavity is nearly resonant with
the laser, in which case the cavity transmission is close to the maximum. If the transmission
signal suddenly drops as we turn up the proportional gain, that means we have the wrong
polarity sign. This can be corrected either by switching the “polarity switch” on the servo
box, or changing the demodulation phase by 180◦. The third step is to try to lock. With the
proportional gain slightly above zero, one can scan the cavity until it is close to resonance,
and turn on the integrator switch. If the transmission signal increases to and remains at
maximum after the integrator switch is on, that is a good indication of a lock. The fourth
step is to optimize the proportional gain. Now one can increase the proportional gain slowly
until the system starts to oscillate, in which case the error signal becomes noisier. This
indicates the gain is too much. An optimum proportional gain should be slightly below this
oscillation gain. An optimized locking setting should give a maximum cavity transmission,
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Figure 3.22: Locking the Fabry-Perot cavity to (a) a CW fiber laser, and (b) a frequency
comb. Cavity transmission is maximized when it is locked.
and minimum noise on the error signal. Figure 3.22 shows the transmission and error signal
for both CW laser and comb locking.
3.4.3 Cavity Characterization
Two different Fabry-Perot cavities have been built for the purpose of filtering a narrow
bandwidth frequency comb. One is a nearly confocal cavity, with the mirror separation L
slightly larger than the mirror ROC. The other is a nearly plano cavity, with the mirror
ROC much larger compared with the cavity length. The cavity parameters for both cavities
are given in Table 3.1. The following paragraphs show a few characteristics of these two
cavities.
PZT Response
Once the ring PZT is glued to the cavity mirror, a straightforward way to measure the PZT
response is to lock the cavity to the laser source, and to look at the cavity transmission signal
on a Fast Fourier Transform (FFT) spectrum analyzer. As one turns up the proportional
gain until the system oscillates, a resonance peak should appear on the FFT spectrum
analyzer, which is the PZT resonance frequency.
100
Item Spherical cavity Plano cavity
Configuration Double-pass Single-pass
FSR 1.9 GHz 9.4 GHz
Cavity Length 7.9 cm 1.6 cm
Selection Ratio (FSR/frep) 21 105
Mirror Reflectivity 99%± 0.5% 99%± 0.5%
Coating Central Wavelength 1570 nm 1550 nm
Mirror ROC 7.5 cm 50 cm
Mirror Diameter 0.5 inch 0.5 inch
Mirror Surface Figure λ/10 at 633 nm λ/10 at 633 nm
Intracavity Beam Waist 136 µm 60 µm
Telescope Lenes 50 and 15.28 mm 200 and 60 mm
Focusing Lens Before Cavity 150 mm 200 mm
Table 3.1: Fabry-Perot filtering cavity parameters for a (a) spherical cavity, and (b) plano
cavity.
If one cannot lock the cavity, an alternative way to measure the PZT response is to
apply a modulation voltage to the PZT, and compare the relative phase difference between
the cavity transmission and the driving signal. The phase shift increases as one increases
the modulation frequency due to the PZT response. Before applying the modulation, it is
better to park the laser near the bottom of a transmission peak, as shown in Figure 3.23 (a),
where the slope is less steep so that the voltage modulation over that small region will not
cause large change in power transmission. Figure 3.23 (b)-(d) shows the increasing phase
shift as we increase the modulation frequency. From this measurement, the PZT response
is about 20 kHz when the relative phase shift reaches 90◦.
Cavity FSR
When the cavity is locked to the comb, the cavity FSR can be easily measured by looking at
the cavity transmission signal on an RF spectrum analyzer, as displayed in Figure 3.24 (a).
The filtered repetition rate signature for the spherical cavity is at 1.94 GHz. The repetition
rate peaks below 1.94 GHz are from the suppressed comb teeth. The fast photodetector
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Figure 3.23: PZT response measurement by comparing the relative phase shift between the
cavity transmission signal (yellow) and the driving voltage (pink).
used in this measurement has a limited bandwidth of 1 GHz (New Focus, 1611), causing
the roll off in the peak power beyond 1 GHz.
To measure the FSR of the plano cavity, this method would not work because the
FSR is above the maximum frequency at which the RF spectrum analyzer (Model number:
8561B by Hewlett Packard) can respond, which is about 6.5 GHz. Fortunately, the FSR
is slightly above the spectral resolution of our optical spectrum analyzer ((Model number:
AQ-6315E, by ANDO). The red oscillating curve shown in Figure 3.24 (b) represents the
filtered comb measured by the OSA, resolving each individual comb tooth. For comparison,
the spectrum of a 1 kHz linewidth CW fiber laser (blue curve) is also plotted in Figure 3.24
(b), representing the spectral resolution of the OSA, which is about 0.06 nm. The separation
between adjacent teeth is 0.074 nm, corresponding to a FSR of 9.4 GHz.
A more precise FSR measurement can be done utilizing the PDH method [108, 109]
resulting in sub-Hz level resolution. It requires a CW reference laser with a linewidth
narrower than the cavity resonance.
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Figure 3.24: Free spectral range (FSR) measurement for two filtering cavities. (a) The
RF spectrum of a double-pass spherical cavity transmission signal indicates a FSR of 1.94
GHz. (b) The optical spectrum of a single-pass plano cavity transmission signal (red ripples)
indicates a FSR of 9.4 GHz. The optical spectrum of a narrow linewidth CW laser (blue) is
plotted to represent the spectral resolution of the spectrum analyzer.
Cavity Finesse
The cavity finesse is measured by comparing the cavity FSR to the linewidth of the cavity
resonance, based on Eqn 3.15. Direct measurement based on the time-domain oscilloscope
information may lead to large discrepancies. That is, we measure the resonance linewidth in
time, and compare this number to the time separation of two successive cavity transmission
peaks. The discrepancy comes from the fact that the PZT does not have a linear response
to the applied voltage. So the voltage to frequency calibration would not be linear.
There are two other ways to measure the resonance linewidth in a more precise manner.
The first method involves the phase modulation by an electro-optic modulator (EOM). One
can adjust the modulation frequency to a proper value such that the spacing between the
carrier and one sideband is equal to the cavity resonance linewidth (in time domain). Then
the modulation frequency would correspond to the resonance linewidth. Since the cavity
FSR can be directly read from the RF spectrum analyzer, it is straightforward to calculate
the finesse. The finesse for our 1.9 GHz cavity is about 250. Given a mirror reflectivity of
99%± 0.5%, the calculated finesse should be between 209 and 626.
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The other way to measure the cavity resonance linewidth requires a little more effort.
One can beat the filtered comb against a narrow linewidth (much narrower than the cavity
resonance linewidth) CW laser. The linewidth of the resulting RF beatnote can be directly
measured on an RF spectrum analyzer. Assuming the CW laser linewidth is negligible
compared to the cavity resonance, the beatnote linewidth presents the cavity resonance
linewidth.
Power Transmission
For a CW laser source in a single-pass FP cavity, the maximum power transmission achieved
with the above mirrors is about 42%. The power loss is mainly due to the absorption or
scattering caused by the cavity mirror (as discussed in Section 3.3.2), which is about 0.1%
per bounce. Another factor that could contribute to the loss is mode-matching.
For comb filtering, the power loss is dependent on the selection ratio m = FSR/frep.
A high selection ratio means a smaller fraction of power (one tooth out of m teeth) is
transmitted from the cavity. Since m equals 21 and 105 for the 1.9 GHz double-pass and 9.4
GHz single-pass cavity, the total power transmission measured in the experiment is about
0.7% and 0.4%, respectively.
Suppression Ratio
When we beat a CW laser against a filtered comb, two types of beatnotes are obtained:
one is between the CW laser and a filtered comb tooth, the other is between the CW
laser and a suppressed tooth. The difference in the SNR of these two beatnotes gives the
cavity suppression ratio, shown in Figure 3.25. The 1.9 GHz double-pass FP cavity has a
suppression ratio of 30 dB, while the 9.4 GHz single-pass cavity is 22 dB.
Based on Eqn 3.23, the 1.9 GHz cavity in a single-pass configuration should give a
calculated suppression ratio between 25-29 dB (51-58 dB for a double-pass cavity), given a
mirror reflectivity of 99%± 0.5%. For the 9.4 GHz single-pass cavity, the calculated values
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Figure 3.25: Suppression ratio for (a) a single-pass spherical Fabry-Perot cavity, and (b)
a single-pass plano Fabry-Perot cavity. Suppression ratio is measured by the difference in
SNR between two beatnotes: a CW laser beating with filtered and suppressed comb teeth.
are 15-22 dB, which is close to what we obtained in the experiment.
Although we started with a double-pass 1.9 GHz filtering cavity with higher suppression
ratio, we had to modify it to a 9.4 GHz cavity later in order to have single comb tooth
output after the following 7 GHz fiber Bragg grating. We had to make it single pass for
higher power transmission. Fortunately, the suppression ratio we achieved is sufficient for
our purpose, i.e. injection locking the DFB laser.
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Chapter 4
Single tooth Saturated Absorption
Spectroscopy
In order to stabilize a single comb tooth via saturated absorption spectroscopy (SAS), the
optical power of the comb tooth has to be comparable to the saturation power, which is 23
mW measured in our hollow-core fiber reference setup [40]. The calculated power per tooth
at 1532.8 nm directly from the NPR fiber ring oscillator is about 20 nW. Therefore, a power
amplification of a factor of 106 is required. This is a great challenge because significant
comb amplification can introduce devastating amplified spontaneous emission noise, leading
to the degradation of comb SNR.
In this chapter, we start off by briefly reviewing a few current comb amplification meth-
ods. Then we will focus on optical amplification through erbium-doped fiber amplifiers
(EDFAs). The power amplification stages can be divided into two parts: before and after
the filtering cavity, shown in Figure 4.1. Section 4.3 will talk about comb amplification
before the filtering cavity. Our initial design involving a short-pulse EDFA was not success-
ful. It amplifies the comb power at our wavelength of interest, but destroys the comb SNR
at the same time. This problem is eventually solved by making a small gain CW EDFA
instead. Section 4.4 and 4.5 presents two comb amplification methods after the filtering
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cavity: distributed-feedback (DFB) laser injection locking and single tooth amplification
directly using a CW EDFA. We were able to observe a sub-Doppler error signal using both
methods. But the injection locking technique gives a much better SNR.
Figure 4.1: Overview schematic setup for single tooth saturated absorption spectroscopy.
4.1 Review of comb amplification
Comb amplification has been of great interest in the frequency metrology community. How-
ever, it is challenging to optically amplify frequency combs with high SNR. This section
reviews a few of the current methods for comb amplification. Each method has its own pros
and cons. For our purpose, we only need to amplify a single comb tooth. Our choice was to
injection lock a diode laser with a single comb tooth to achieve a high SNR performance,
discussed in the last sub-section.
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4.1.1 Erbium-doped Fiber Amplifier (EDFA) and Semiconductor
optical amplifier (SOA)
Both Erbium-doped fiber amplifiers (EDFAs) and Semiconductor optical amplifiers (SOAs)
[110] provide optical gain based on different but comparable interactions of light with matter.
In erbium-doped fiber amplifiers, the gain medium is the erbium doped fibers (EDFs), a
conventional silica fiber doped with rare-Earth element erbium ion in the core. When an
EDF is pumped by light at certain wavelengths, electrons can be excited from the ground
state to an intermediate state, then decay back to the ground state by emitting photons
within the 1525-1565 nm band. Meanwhile, if a light signal passing through the EDF
is within the 1525-1565 nm band, it will stimulate this decay process, resulting in signal
amplification. This is the so-called stimulated emission.
In semiconductor devices, the energy levels of the erbium ion are replaced with the energy
bands of the semiconductor crystal, but other than that the gain mechanism is similar. The
semiconductor is brought into an excited state by pumping it electrically, populating the
bands with electrons and holes. An optical signal propagating through the device gives rise
to carrier recombination, and the associated stimulated emission amplifies the signal.
Both types of amplifiers are used for broadband astro-comb amplification [91, 92]. Ref.
[111] uses a tapered semiconductor amplifier to amplify a fs optical frequency comb (∼ 780
nm) with a gain of more than 17 dB (12 dB) for 1 mW (20 mW) average input power.
However, there are drawbacks for both amplifier designs.
One major disadvantage for an EDFA is the so-called Amplified Spontaneous Emission
(ASE) noise. Excited electrons can fall back to the ground state without any trigger,
resulting in photons being emitted in random phase and directions (with respect to the
signal photons). These random photons become a source of optical noise and are then
amplified by the remaining erbium doped fiber. This ASE noise degrades the SNR of the
optical signal that we want to amplify. Since the decaying erbium ions can emit photons
over a span of 1525-1565 nm, the ASE noise will also be distributed over this spectrum. A
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proper EDFA design should keep the ASE noise to a minimum.
SOAs have advantages of being commercially available, and inexpensive. However, they
have issues like pulse distortion and spectral broadening due to gain dynamics and self-phase
modulation (SPM) [103,112,113].
4.1.2 Single Tooth Amplification via Stimulated Brillouin Scat-
tering (SBS)
Stimulated Brillouin Scattering (SBS) [114] is an nonlinear effect that can occur when a
sing-mode fiber (SMF) is pumped by a light beam above a certain power threshold. This
causes density-fluctuations in the fiber medium, and results in a modulated refractive index
induced by the strong pump. The scattering of pump light through Bragg diffraction, also
called Stokes waves, propagates mainly in the opposite direction of the pump inside the fiber.
The backscattered Stokes light interferes with the pump light and generates an acoustic wave
through the effect of electrostriction [115]. The frequency of the Stokes light is Brilliouin
shifted by the frequency of the acoustic wave, usually on the order of 10-20 GHz for SMF.
In other words, an incident photon is converted into a backscattered photon with most of
the power of the incident photon, and a phonon. Therefore, if a weak signal at a suitable
optical frequency counter-propagates with respect to the pump, it can be strongly amplified.
This effect is suitable for single comb tooth amplification for the following reasons. First,
due to the phase matching between the pump, Stokes wave, and acoustic wave, amplification
only occurs for a well-defined Brillouin frequency shift between the pump and Stokes field,
which is given by the refractive index and acoustic velocity in the fiber. Second, the Brillouin
gain bandwidth is determined by the lifetime of the involved phonons. For standard telecom
fibers, this number is of the order of 10 MHz at 1550 nm. The narrow gain bandwidth allows
the selection of an individual comb tooth from fiber lasers with low repetition rate down
to tens of MHz. Third, the requirement on the pump, in terms of pump power, frequency
stability and accuracy is not very high.
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Ref. [116] used this technique to achieve a high SNR single comb tooth amplification
from a 56 MHz fiber laser. A narrow bandwidth spectrum from the comb directed into a 12
km long SMF with linear polarization, serves as the probe. An orthogonally polarized 30
mW pump light counter-propagating inside the fiber is frequency shifted by 10 GHz from
the probe. This results in a 34 dB power amplification for a single comb tooth. The RF
beatnote between the amplified comb line and the original comb has a SNR of more than
40 dB with 10 Hz RBW.
There are two drawbacks for this technique. One is the temperature-dependent long term
stability of the sidemode suppression, which is how much the unamplified comb teeth are
suppressed with respect to the amplified single comb tooth. The other is that spontaneous
Brillouin scattering imposes a pedestal at the base of the amplified tooth, which reduces the
comb SNR.
4.1.3 Injection Locking Diode Laser
The interest in injecting locking has been generated by the desire to produce a laser which
emits high power and is also spectrally pure at the same time. The concept of injection
locking involves two lasers at nearly identical wavelengths: a master laser, and a slave laser.
The master laser operates at low power but produces a single-mode beam. The slave laser has
high optical power but is spectrally noisy. In this technique, the master laser is injected into
the resonant cavity of the slave laser. The term “injection locking” refers to the condition
in which the intensity injected into the resonant cavity is sufficient to completely quench all
that cavity’s “normal” oscillation modes, as the result of gain saturation. The slave laser is
then “forced” to lase at the seeding frequency, producing a high power single-mode beam.
In the case of comb amplification, a narrow band frequency comb, serving as the master
laser, can be injected into a diode laser. By adjusting the currents and temperatures of the
diode laser, the slave cavity is made resonant with the master optical field, which is then
amplified since there is gain available.
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A key parameter for this injection locking is the locking bandwidth. A narrow locking
bandwidth is often preferred because it allows for amplification of an individual comb tooth
from a low repetition rate laser. Large locking bandwidth will result in multiple comb teeth
amplification at the same time, which leads to unstable injection locking. According to
Ref. [117], the upper limit of locking bandwidth is determined by a few parameters: (1) the
free spectral range (FSR) of the diode laser, (2) the injection power, and (3) the injection
coupling efficiency. In practice, the locking range also depends on the gain profile of the
diode laser.
Table 4.1 summaries some of the works using this injection locking technique for comb
amplification. High gain amplification with low noise has been demonstrated.
Ref Slave laser Wavelength Comb rep rate Input power Gain Year
[118] Fabry-Perot
laser diode
794.7nm 100.5 MHz 4 mW
(600 nW / tooth)
50 dB 2006
[119] DBR 852 nm 1 GHz 10 µW
(16 nW / tooth)
60 dB 2006
[120] DFB 1542.72 nm 250 MHz 380 µW
(1.9 µW / tooth)
42 dB 2008
[121] DBR 852.3 nm 1 GHz 200 µW
(300 nW / tooth)
52 dB 2008
[122] DFB 1542.38 nm 1.5 GHz 125 µW
(3.75 µW / tooth)
24 dB 2010
[123] External cavity
laser diode
1520-1590 nm 25 GHz 100 µW
(2 µW / tooth)
31 dB 2010
[124] DFB 1529 nm 1 GHz 130 µW
(3.9 µW / tooth)
24 dB 2011
[125] Microlens
-coupled DL
633 nm 250-500 MHz 1.5 µW CW 39 dB 2005
Table 4.1: List of references using injection locking diode laser for comb amplification.
DBR: distributed-Bragg-reflector, DFB: distributed-feedback laser, DL: diode laser.
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4.2 Introduction to EDFA Design
The performance of an erbium-doped fiber amplifier (EDFA) depends on a few factors: (1)
the Er3+ doping concentration, or the selection of the gain fiber, (2) the pump wavelength
used, and (3) the pumping configuration.
Given a finite pump power and certain EDF length, high doping is necessary for a
high gain. If the doping level is too low, the ground state may become depleted if the
number of available ions is fewer than the pump photons. However, if the doping is too
high, it causes additional losses due to energy transfer upconversion between ions, which
significantly reduces the efficiency of the amplifier [126,127].
Figure 4.2: Three pumping configurations for erbium-doped fiber amplifiers.
For selecting pump wavelength, the two commonly used pump wavelengths are 980 nm
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and 1480 nm. A pump wavelength of 980 nm provides high population inversion, leading to
a high gain with low noise [128]. A 1480-nm pump wavelength will provide a better power
conversion efficiency, but with more ASE noise.
There exist three types of pumping configurations, shown in Figure 4.2. In all three
schemes, a length of EDF is fusion spliced to other components in the figure. The op-
tical pump is combined with the optical signal into the EDF with a wavelength-division-
multiplexer (WDM). An optical isolator is used to prevent reflected light from other portions
of the optical system from entering the amplifier. The three pumping configurations are
named forward, backward and bi-directional pumping, depending on the pumping direction
with respect to the input signal. A forward-pump scheme will ensure a high population
inversion at the input of the EDFA, resulting in a high gain and low ASE noise perfor-
mance [129]. Whereas, a backward-pumped scheme has high output power but also high
ASE noise. A bi-directional scheme has the merits of both, providing an optimized version
but at the cost of complexity.
4.3 Two Home-made Erbium-doped Fiber Preamps
Due to low optical power at our wavelength of interest ( ∼ 1532.8 nm) directly from the
NPR fiber ring oscillator, it is necessary to build a pre-amplifier to have sufficient seeding
power for the following commercial CW EDFA (Figure 4.1) before the filtering cavity. Our
initial idea was to build a short-pulse amplifier, which could broaden the oscillator output
spectrum until we have enough optical power at the wavelength of interest. However, it
was proved later that this design of this amplifier introduces significant ASE noise. An
alternative way is to design a small-signal CW EDFA, which preserves the comb SNR much
better than the short-pulse EDFA.
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4.3.1 Short-pulse Amplifier Design
There are three steps for making this amplifier. First is to optimize the length of gain fiber
for a maximum average output power. Then we need to minimize the pulse duration for
maximum peak power. Last, if necessary, we can add a piece of highly nonlinear fiber to
further broaden the optical spectrum to the wavelength of interest.
The second step is achieved through the solitonic effect. There are two different kinds
of fiber used in this pre-amplifier: the EDF with a positive dispersion, and the standard
single-mode fiber (SMF) with a negative dispersion. For pulses propagating inside fibers
with opposite dispersion signs, the temporal broadening due to group velocity dispersion
(GVD) could be balanced by the spectral broadening due to self-phase modulation (SPM)
if a proper length of each fiber is used. In this case, the pulse duration remains unchanged
after travelling certain lengths inside the fiber. This is the formation for the so-called optical
soliton. Practically, this can be done by adding (or subtracting) the right amount of SMF
length (for a given length of EDF).
Figure 4.3: Measured output power for the two pump diodes used in the short-pulse ampli-
fier.
The EDF fiber we used (Liekki Er110-4/125) has an absorption coefficient of 110 dB/m
at 1530 nm. The length of this EDF is roughly determined through the following small
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Figure 4.4: Choosing EDF length: small signal gain measurement for a 1 meter (left)
and 4.75 meter (right) EDF (Lekkie) in a forward pumping configuration. Input signal:
CW laser at 1532.7 nm with a peak power of -38 dBm/nm (left) and -48 dBm/nm (right),
respectively.
signal gain measurement. We first tried with a forward pumping configuration. Figure 4.3
shows the measured pump power for the pump diodes used in this measurement, with the
left figure being the individual diode output, and the right figure being total output of two
diodes including the beam combiner loss.
Figure 4.4 shows the optical spectrum from the EDF output when seeded with 0.1 µm
(or below) CW light at 1532.8 nm. By comparing the input and output peak intensities at
the signal wavelength, a one meter EDF gives a small signal gain of 8 dB for 803 mW pump
power at 1480 nm. Whereas, a 4.75 meter EDF gives 33 dB gain for the same pump power.
Therefore, we chose to start with a 4 meter piece of EDF.
When we seeded the EDF with a comb, the length of EDF was further optimized by
cutting small increments and measuring the power and spectrum each time. Because of
technical problems, the NPR laser was not fully functional at the time that the short-pulse
amplifier was being made. Therefore, the laser we used to seed this amplifier is a carbon
nanotube fiber ring laser, shown in Figure 4.5. A 35 cm EDF (OFS 150) is pumped by a
980 nm diode with a maximum power of 300 mW. The repetition rate of the laser is about
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Figure 4.5: Schematic layout of a carbon nanotube fiber ring laser.
98.7 MHz. The output spectrum is centered at 1560.3 nm, with a bandwidth of 9.8 nm
when the pump current is about 95 mA, giving an average output power of 0.19 mW.
Figure 4.6 shows the amplifier output power and optical spectrum when we did the cut-
back measurements. The spectrum intensity is plotted in linear scale. We can see that as
we cut back the EDF, the total output power increases and the center of the spectrum tends
to shift to shorter wavelengths, which is what we desired.
However, as we keep cutting down the EDF, the maximum output power obtained was
always below 20 mW, and the light intensity at 1532.8 nm was not sufficient for our need.
We suspected that this low output power might be due to the forward pumping scheme.
Therefore, we changed our setup into a backward pumping configuration, which resulted
in an immediately high output power of more than 100 mW when seeded with the carbon
nanotube comb.
Another concern when optimizing EDF length is the pump absorption. For best amplifier
performance, the length of EDF should be chosen such that one can still see some pump
residue at the amplifier output. A rule of thumb is to have the residual pump light 10-15
dB below the amplified light.
Considering all these factors, namely, the output power, maximum gain at our wave-
length of interest, and pump absorption, the EDF length was re-optimized to be 3.07 meters
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Figure 4.6: Optimization of EDF length for a forward pumping configuration: Amplifier
output spectrum with different EDF lengths in a forward pumping configuration. Input
signal: carbon nanotube laser output (Figure 4.3), with average power of 0.19 mW.
Figure 4.7: Optimization of EDF length for backward pumping configuration. (a) Output
power as a function of EDF length. (b) Normalized spectrum of amplifier input and output.
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for a backward pumping configuration. Figure 4.7 (a) shows the total average output power
(with a pump power of 950 mW at 1480 nm) as a function of EDF length. A 3 meter EDF
gave an output power of more than 100 mW. Figure 4.7 (b) shows the normalized spectrum
for the amplifier input and output for comparison. The output spectrum is sensitive to po-
larization. By adding two polarization controllers (Figure 4.8), the gain at 1532.8 nm can be
maximized to be 20 dB, which is sufficient for feeding the following CW EDFA (Figure 4.1).
Figure 4.8: Schematic setup of the home-made short-pulse amplifier.
The next step is to optimize the length of SMF for pulse compression. This is again
done by cutting back SMF fibers after the EDF until a minimum pulse duration is reached.
The minimum pulse duration is expected to be below 100 fs, estimated from the spectral
bandwidth of the amplifier output.
To measure the pulse duration, we measured the intensity autocorrelation (AC) trace of
the output pulses [130]. The idea is to use the short pulse under test to measure itself. It
involves splitting the pulse into two, variably delaying one with respect to the other, and
spatially overlapping the two pulses in a second-harmonic-generation (SHG) crystal. The
heart of this technique relies on the fact that the nonlinear processes (e.g. SHG), which are
typically on a time scale of ∼ 1 fs, are faster than the pulse duration (∼ 100 fs).
Figure 4.9 shows the autocorrelation trace of amplifier output pulses as we gradually
cut back the SMF after the EDF. The black curve gives the minimum AC trace of 111 fs,
corresponding to a pulse duration of 76 fs. The schematic setup of this short-pulse amplifier
is shown in Figure 4.8. We have 87.5 cm SMF (including the isolator) before the EDF fiber,
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Figure 4.9: Optimization of pulse duration. Autocorrelation trace of amplifier output pulses
as we cut back SMF after EDF. Black curve shows the minimum AC trace of 111 fs.
3.07 meter of EDF 110, and 94 cm SMF after the EDF.
To test this short-pulse EDFA, we conducted an optical heterodyne measurement be-
tween the comb light and a CW fiber laser (with linewidth of ∼ 1 kHz), stabilized to the
acetylene P(13) transition at 1532.83 nm, illustrated in Figure 4.10. We compare the RF
beatnote in two cases: using the comb (1) directly from the NPR laser oscillator, and (2)
after being amplified by the short-pulse EDFA, as shown in Figure 4.10 (a) and (b), respec-
tively. The resulting CW/comb beat SNR is 22 dB (with 1 MHz RBW) for the un-amplified
comb and 8 dB for the amplified comb.
It is possible that the comb SNR was degraded during the amplification process because
the highly backward pumped EDFA introduces significant amounts of ASE noise. However,
there exists another possibility. Studies have shown that the InGaAs photodiode used for
optical heterodyne measurements could be saturated due to high peak power of short pulses,
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Figure 4.10: Heterodyne beatnote between an acetylene-stabilized CW reference and (a) the
oscillator comb, (b) the amplified comb using the short-pulse EDFA.
which degrades the temporal response of the resulting electrical pulses in the photodetector,
and leads to the degradation of the electrical SNR [131]. This can be easily tested by
gradually decreasing the comb power, to see if the resulting RF beatnote SNR improves or
not. The following section will talk about this photodetector saturation test.
4.3.2 Photodetector Saturation Test
In this section, I will present the two measurements we did to test if the photodetector
was saturated during our heterodyne beat measurement discussed above. These two mea-
surements follow the same experimental setup shown in Figure 4.10. One is to use a comb
amplified by the short-pulse EDFA, the other is to use the NPR comb directly from the
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oscillator. In both cases, the comb power was controlled by variable attenuation, while the
CW fiber laser power was kept the same for all beat measurements.
Figure 4.11 shows the resulting CW/comb beatnote SNR for the amplified comb as a
function of comb average power. We can see that the maximum SNR at 1 MHz RBW is
less than 5 dB when the comb power is 10-20 µW. A higher (30 µW) or lower (1 µW)
comb power results in a decrease in the beatnote SNR. Therefore, we can conclude that the
photodetector was not saturated for the result shown in Figure 4.10(b).
Figure 4.11: The SNR of the heterodyne beatnote between an acetylene-stabilized CW
reference and an amplified comb using the short-pulse EDFA as a function of comb average
power. The CW laser power is held constant.
The test we did for the oscillator comb was similar but more complicated. We took the
same measurement in different cases, when the pulse duration was either stretched to 1.35
ps by adding long pieces of SMF, or compressed back to ∼ 100 fs by adding another piece of
vascade fiber (Corning S1000) that has an opposite dispersion sign with respect to SMF. A
schematic setup for the measurement is shown in Figure 4.12. The five cases represents five
different pulse durations (ranging from ps to ∼ 100 fs) with similar comb average power. In
each of the five cases, beatnote SNR was measured at various comb powers.
In order to have a larger comb power range for the test, we chose to perform the hetero-
dyne beat at 1560 nm (instead of 1532.8 nm), which had the most optical power within the
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Figure 4.12: Experimental setup for photodetector saturation test.
comb spectrum (Figure 3.3). A 50 GHz FBG (at 1560 nm) was used after the oscillator out-
put for the beatnote. The CW laser we used was a diode laser (Santec TS-210). Figure 4.13
shows the SNR of these beanote measurements in both log (left) and linear (right) scales
as a function of the comb average power. Two different photodetectors (PD) were used in
the measurement with different saturation power thresholds: a 125 MHz and 1 GHz PD,
shown in the top and bottom plots, respectively. Detailed specifications of both detectors
are given in Table 4.2.
The results in Figure 4.13 indicate a general trend for all measurements: the SNR of the
beatnote increases with the comb power, for all the pulse duration cases we investigated.
The data for both detectors are consistent with each other. At 1532.8 nm, the comb average
power from the oscillator is below 2 µW within 100 GHz bandwidth, in which power range
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125 MHz PD 1 GHz PD
Model number New Focus, 1811 New Focus, 1611
Material InGaAs/PIN InGaAs/PIN
Photodiode size 100 µ diameter 100 µ diameter
Rise Time 3 ns 400 ps
Output impedance 50 ohm 50 ohm
Min NEP 2.5 pW/rtHz 2.5 pW/rtHz
CW saturation power 120 µW@950nm 10 mW
Max pulse power 5 mW N/A
Responsitivity 1 A/W @ 1500nm 1 A/W @ 1500nm
Table 4.2: Comparison of specifications for the two photodetectors used in the saturation
test. NEP: noise equivalent power.
the SNR increases almost linearly with the comb average power. This indicates that for the
previous beatnote measurements shown in Figure 4.10(a), the SNR is limited not by the
photodetector saturation, but rather by the low comb power from the oscillator.
To summarize, if we look back at the results shown in 4.10, we now can say that both
beatnote signals are not limited by the photodetector saturation, and should reflect the
true SNR from the optical signal, based on the above photodetector saturation tests. This
indicates that although we have enough optical power generated from the short-pulse EDFA
at the wavelength of interest, a lot of ASE noise is introduced during the amplification
process, probably due to fiber nonlinearities [93].
Therefore, we started to look for another method to build a low noise amplifier, which
is what I will talk about in the next section. Later, I will show that using the following
small gain CW amplifier, the comb SNR is well preserved. We were also able to observe
the desired sub-Doppler error signal from an amplified comb tooth. In Section 4.3.4, I will
discuss more details of noise analysis for comb amplification by comparing the performances
of these two home-made EDFAs.
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Figure 4.13: The SNR of heterodyne beatnote between an acetylene-stabilized CW reference
and comb directly from oscillator as a function of comb average power, using two different
photodetectors (Table 4.2): (1) the 125 MHz PD, plot in (a) log, and (b) linear scale, and
(2) the 1 GHz PD, plot in (c) log, and (d) linear scale.
4.3.3 Small Gain CW Amplifier Design
The motivation for this amplifier design is from the early efforts made for telecom industry
in the 1990s [132–136]. These studies are focused on how to design high gain EDFAs with
low noise figure to compensate the loss of a CW signal during long distance transmission
in fiber. Studies have shown that: (1) a narrow optical bandwidth of the signal is the key
to a high SNR amplification [132], and also (2) the forward pumping scheme results in high
gain and low noise amplification process when the backward-travelling ASE is suppressed
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with an integrated isolator [135]. Therefore, we decided to build a low noise small gain
CW amplifier, seeded with a narrow bandwidth comb around the wavelength of interest.
Figure 4.14: Schematic setup of the home-made small gain CW amplifier.
Sufficient gain could possibly be achieved by building multiple similar amplification stages
without introducing much ASE noise.
The small gain CW EDFA was initially built by a previous graduate student in our group,
May Ebbeni [137], and it has the codirectional pumping configuration shown in Figure 4.14.
The length of the gain fiber (EDF 80) was re-optimized to be 107 cm for our purpose. The
SMF length before and after the Erbium fiber are ∼ 4m and ∼ 4.2m, respectively.
Figure 4.15 shows the measured output power for both pump diodes of this EDFA.
During our experiment for comb amplification, this amplifier is mainly forward pumped
at 980 nm with a pumping power of 220 mW, and slightly backward pumped at 1480 nm
(below 40 mW) to increase the output power so that it is enough to seed the following CW
EDFA before the filtering cavity (Figure 4.1). With this pumping power, the EDFA has a
small signal gain of 38 dB at 1532.83 nm when seeded with 1 µW CW light, and a large
signal gain of 14 dB with 1 mW CW seed.
Similar heterodyne beat measurements were performed between the CW reference and
the amplified comb (using this small gain CW EDFA). Results in Figure 4.16 show a beatnote
SNR of 21 dB at 1 MHz RBW, almost the same as that from an un-amplified comb shown
in Figure 4.10 (a) , which is about 22 dB.
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Figure 4.15: Measured output power for the two pump diodes used in the small gain CW
amplifier.
Figure 4.16: Preserved comb SNR using small gain CW EDFA (as compared to Fig-
ure 4.10(a)). Heterodyne beatnote between an acetylene-stabilized CW reference and am-
plified comb.
4.3.4 Comparison of Performance
In this section, we compare the performance of the two home-made fiber amplifiers: the
short-pulse EDFA and the small gain CW EDFA. We will first look at the output spectrum
from both EDFAs when seeded with the NPR comb, then we will compare the RF spectrum
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when we beat the amplified comb with a CW source.
Figure 4.17 shows the comparison of three spectra: (1) the NPR oscillator comb (green),
which also serves as the input for the short-pulse EDFA, (2) short-pulse EDFA output
(blue), and (3) small gain CW EDFA output (red) when seeded with a filtered NPR comb
at wavelength of 1532.8 nm with an optical bandwidth of 100 GHz. For comparison purpose,
the intensity for all curves are offset by different amount to be shown in one plot.
Figure 4.17: Optical spectrum of (1) the NPR oscillator comb (green), (2) short-pulse
EDFA output (blue), and (3) small gain CW EDFA output (red). The intensity for all
curves are offset by different amounts for comparison.
To investigate how the two EDFAs behave in terms of noise and signal amplification, we
measured the electronic noise floor and the SNR of the CW/comb beat in three scenarios,
shown in Figure 4.18. The CW fiber laser power was kept the same for all beat measure-
ments, while the comb power was controlled by variable attenuation. The noise floor behaves
like technical noise on the amplified comb. Figure 4.18 indicates that the small signal EDFA
produces an amplified comb with a lower noise floor by a factor of ten and more than 15
dB higher SNR as compared to the short pulse EDFA. The degradation in SNR from the
short pulse amplifier may be due to the fiber nonlinearities [93].
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Figure 4.18: (a) The electrical noise floor, and (b) SNR of RF beatnote (between comb
and CW reference at 1532.8 nm) measured by RF spectrum analyzer as a function of comb
power.
4.4 Single Tooth Amplification by Injection locking
DFB laser
The distributed-feedback (DFB) laser we used is a customized product from FITEL. It is
a 14-pin butterfly package with integrated thermoelectric cooler, and photodiode, allowing
for precise control over the pump current, which adjusts the output power, and the diode
temperature, which fine tunes the lasing wavelength. Since we are going to inject light into
the laser diode, this DFB laser is designed not to have the isolator that is built in regular
DFB lasers. This results in a broad laser linewidth, which could be over 10 MHz. For DFB
lasers, the outside reflection makes the linewidth broader, which is the reason why an optical
isolator is usually integrated into the laser package for a narrow linewidth.
A safe injection optical signal to the DFB laser is related to the specified output power
and wavelength of the laser. It is suggested by the manufacturer that: (1) 1.5-2.5 times
higher power injection (i.e. 60-100mW injection power for our 40 mW output DFB laser)
would be ”red zone” for the damage, and (2) injection of shorter wavelength light than
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DFB wavelength causes more damage. In our case, we seed the DFB laser with a frequency
comb (pulsed laser) with an optical bandwidth of 7 GHz, so a 60 mW maximum peak power
corresponds to an average power of 7.54 mW for a 2 GHz comb, and 35 mW for a 9.2 GHz
comb. Our seeding powers are well below these threshold values.
We initially seeded in the DFB laser with multiple comb teeth, and discovered that this
could cause mode competition between the seeds, which gave us an unstable sub-Doppler
error signal. In order to seed the DFB laser with a single comb tooth, we had to re-build a
9.2 GHz Fabry-Perot filtering cavity. A stable sub-Doppler error signal was then obtained.
4.4.1 Threshold Test with a CW Seed
Before we tried the comb injection locking, we needed to know the minimum optical power
required for a stable injection locking. Therefore, we did the following test, shown in Fig-
ure 4.19. Two CW fiber lasers are used in the test, with nearly identical wavelengths. One
is acetylene-stabilized to the P(13) transition at 1532.8 nm with an accuracy of 20 kHz. The
other is tunable by ∼ 10 GHz over the same wavelength. The DFB laser is seeded with the
wavelength-tunable CW laser through a 3-port fiber circulator. The seeding optical power
can be controlled with a variable attenuator. Here we have two RF beatnotes: fbeat,1 and
fbeat,2, which are the beatnotes between the acetylene-stabilized CW fiber laser and (1) the
CW seed, and (2) the injection-locked laser output, respectively. For perfect injection lock-
ing, fbeat,2 must be stable as we observe on the RF spectrum analyzer, and also has identical
frequency values as fbeat,1.
Figure 4.20 (a) shows the RF spectrum of fbeat,1. It has ∼ 70 dB SNR with 100 kHz
RBW. Figure 4.20 (b-d) shows the RF spectrum of fbeat,2 at various CW seeding power from
186 µW down to 1 µW. The beanote SNR is clearly degraded from almost 70 dB to 40
dB. On the RF spectrum analyzer, background noise for fbeat,2 increases occasionally when
the seeding power is below 10µW. However, even with 1 µW seeding power, fbeat,2 follows
fbeat,1 very well, as we can see in Figure 4.20 (e). It plots the difference between the two
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Figure 4.19: Schematic setup for testing the CW seeding power threshold for DFB laser
injection locking.
beanotes as a function of time. The fact that the short term uncertainty is within +/- 400
Hz indicates a stable injection lock.
Knowing the minimum threshold power for a stable injection lock is about 10 µW, we
tried to seed the DFB laser with a comb. With a 7 GHz fiber bragg grating (FBG) after the
2 GHz filtering cavity, the DFB seed includes three major comb teeth, and 42 suppressed
teeth (due to the filtering cavity) with a suppression ratio of 35 dB. We expected that
the DFB laser can be injection locked to any one of the three main teeth. After a simple
calculation, we can estimate that with a total average seeding power of ∼ 50 µW, we have
16.6 µW for each of the three major teeth, and 5.3 nW for each of the suppressed teeth.
The 10 µW injection locking threshold ensures that the DFB laser can be locked to any of
the three major comb teeth but not the suppressed comb teeth.
However, our initial trials of the single tooth saturation experiment were not very suc-
cessful. The sub-Doppler error signal could only be observed momentarily. It seemed like
sometimes the DFB laser is locked to the desired injected comb tooth, but sometimes not.
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Figure 4.20: (a) RF beanote between two CW fiber lasers at 1532.8 nm. (b-d) RF beanote
between an acetylene-stabilized CW laser and injection locked DFB laser, with CW seeding
power of 186 µW, 82 µW, and 1 µW, respectively. (e)Test of how well the DFB is injection
locked to the seed. Y axis: fbeat,1-fbeat,2 in Figure 4.19
This leads us to think that maybe there exists mode competition for the injection locking
because we are seeding multiple comb teeth into the DFB laser simultaneously. The test
measurement we did next confirmed our thought.
4.4.2 Mode Competition Test with Two CW Seeds
In order to find out if the unstable sub-Doppler error signal is due to mode competition
between multiple comb teeth for the DFB laser injection locking, we did a simple test,
shown in Figure 4.21: we injected two CW lasers into the DFB laser to mimic the case
of two comb teeth seeding into the DFB laser at the same time. As we changed the two
seeding lasers in terms of frequency spacing and relative optical power, we could see from
the RF spectrum analyzer how these changes influence the RF beatnote, which represents
the injection locking signal.
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Figure 4.21: Mode competition test. Schematic setup for seeding the DFB laser with two
CW lasers separated by 2 GHz in frequency.
We started with equal power of 140 µW for both CW lasers, which are tuned to be 0
to 2 GHz apart from each other in a step of 500 MHz. An unstable beatnote was observed
on the spectrum analyzer all the time. The peak of the beatnote moved up and down by
more than 30 dB, which we thought was caused by strong mode competition between the
two CW seeds. This thought was confirmed by the fact that if we disconnected one of the
seeds, the beatnote movement stopped immediately.
Then we began to reduce one of the two µW CW seeds to 50 nW by the variable
attenuator (while the other CW seed remained at 140 µW). This was a mimic of the case
when there was one major tooth and another suppressed tooth with 35 dB suppression ratio.
The beatnote was very stable with a high SNR of more than 65 dB with 1 MHz RBW, as
we tuned the frequency spacing from 2 GHz to below 100 MHz. This indicates that with a
35 dB suppression ratio of the filtering cavity, the suppressed comb teeth would not affect
the injection locking.
Next we wanted to measure what was the minimum required suppression ratio for a
stable injection lock, so we started to gradually increase the 50 nW CW seeding power until
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we saw an unstable beanote. For a suppression ratio of 11 dB, the peak of the beatnote
started to move up and down by 4 dB. The measured minimum suppression ratio threshold
was about 21 dB for a stable beatnote.
4.4.3 Producing Error Signal
So far, we have confirmed that the unstable sub-Doppler error signal is due to the mode
competition between multiple comb teeth to the DFB laser. This tells us that only one comb
tooth can be injected into the DFB laser for a stable locking. The minimum bandwidth of
the FBGs we found available at that time was 7 GHz at the wavelength of interest (1532.8
nm). This means that we need to have a comb with repetition rate higher than 7 GHz out
Figure 4.22: Schematic setup for single tooth saturated absorption spectroscopy producing
a stable sub-Doppler error signal for amplified single comb tooth.
from the filtering cavity. Therefore, we re-built a plano Fabry-Perot filtering cavity with
a free spectral range (FSR) of 9.2 GHz (see Section 3.4.3 for details). The final optical
power seeded into the DFB laser became ∼ 25 µW, including only one major tooth and
79 suppressed teeth 25 dB below the major teeth. Based on the above measurement, this
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power level is sufficient for a stable injection locking without interruption by the suppressed
teeth.
With the configuration shown in Figure 4.22, as we scan the comb repetition rate fre-
quency by scanning the driving voltage to the PZT inside the ring oscillator, we are able to
scan a single comb tooth over an acetylene transition. Both a stable sub-Doppler feature,
as well as the error signal were successfully produced for the first time from an amplified
comb tooth at 1532.8 nm, shown in Figure 4.23 (a) and (b), respectively. The sub-Doppler
feature in Figure 4.23 (a) is obtained when the repetition rate is scanned by ∼ 40 Hz, limited
by the scan range of the driver, the target comb line near 1532.8 nm can be moved by ∼
88MHz across the P(13) overtone transition, which gives only part of the Doppler-broadened
feature, as compared to the complete feature shown in Figure 2.2 (a) using a CW fiber laser
as the source. In both cases, the sub-Doppler features have comparable linewidth.
Considering that the CW fiber laser reference developed in our lab is stabilized to the
P(13) line at 1532.8 nm, in order to measure comb stability using this CW reference, we
need to stabilize a comb line to a different wavelength, in other words, to a different overtone
transition line of acetylene. The choice of a different line is a balance for the following two
factors: (1) the erbium-fiber gain spectrum prefers higher wavelengths (close to 1560 nm)
for low noise amplification. (2) the ν1+ν3 overtone transition covers spectrum only up to
1545 nm (Figure 1.8), higher wavelengths than 1533 nm gives lines with weaker absorption
strength, which requires higher pressure loaded inside the hollow-core fiber for the same
fractional absorption. This leads to a higher pressure broadening of the sub-Doppler signal.
Our final choice of the new transition is the P(23) line at ∼ 1539.4 nm.
The two sub-Doppler signals generated at 1532.8 nm and 1539.4 nm are shown in Fig-
ure 4.23 (b) and (c). Both error signals have a width of ∼ 17 MHz, and high signal-to-noise
ratio (SNR) of ∼ 150 within a 4 kHz RF bandwidth, comparable to that from a CW fiber
laser (Figure 2.12 (b)). The optimum parameters for both DFB lasers producing these
sub-Doppler signals are listed in Table 4.3.
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Figure 4.23: Sub-Doppler error signals for amplified single comb tooth at two wavelengths:
(a) 1532.8 nm, and (b) 1539.4 nm.
Item DFB laser #1 DFB laser #2
Output fiber type PM PM
Maximum output power 40 mW 40 mW
Peak emission wavelength 1532.636 nm 1539.323 nm
Optimum pump current 240 mA 172 mA
Optimum temp 30.15◦C 32.92◦C
Temp tuning 0.01 nm/1◦C 0.01 nm/1◦C
DFB seed (single tooth) 25 µW 50 µW
Table 4.3: Optimized parameters for two DFB lasers used for injection.
4.5 Single Tooth Amplification Directly by EDFA
So far, we have successfully generated sub-Doppler error signals by injection locking the
DFB laser to a single comb tooth. However, one has to purchase the DFB laser diode at
a specific wavelength in the first place in order to use this technique. For more wavelength
flexibility, we tried to replace the DFB laser by a commercial EDFA (Model number: HWT-
EDFA-B-PM-C27X, by Manlight) to directly amplify a comb tooth in the last amplification
stage. In order to have enough optical seeding power to the EDFA, we had to modify the
comb amplification setup slightly. Figure 4.24 shows the setup after the modification. The
50 GHz FBG before comb filtering was replaced by a 7 GHz FBG to reduce the comb
bandwidth being amplified. Given a fixed 300 mW total average output power, the power
per each comb tooth was increased. This essentially produces about 100 µW out from the
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7 GHz FBG after comb filtering, which is enough to run the EDFA. The sub-Dopper error
signal generated in this case is shown in Figure 4.24, with a SNR of about 4.
Figure 4.24: Single tooth amplification directly by CW EDFA (instead of DFB injection
locking).
A few factors account for the degradation of SNR. First, by using a 7 GHz FBG instead
of 50 GHz, the seeding power for EDFA I is reduced from - 2 dBm to - 8 dBm, which is
close to the minimum input power required (- 10 dBm). Also, 1532 nm is not a preferred
wavelength by erbium-doped fiber amplifiers, due to the fact that it is on the edge of the
erbium gain spectrum. Because of these two factors, significant ASE noise can be produced
from this amplification process before comb filtering. Second, the light out from the 7 GHz
FBG after the comb filtering is not a pure single comb tooth. It spectrally includes an
isolated comb tooth plus a number of suppressed comb teeth with peak power 25 dB below
the major filtered tooth. In the case of injection locking, only the major tooth can be
recognized and locked, while other suppressed teeth are ignored in that their optical power
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are below the threshold for injection locking. However, studies have shown that both the
major teeth and suppressed teeth experience uneven power amplification in an EDFA [93].
This results in significant SNR degradation for the single tooth useful for our experiment.
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Chapter 5
Frequency reference characterization
In the previous chapter, we discussed the stabilization of a 89 MHz fiber-based frequency
comb by locking two comb parameters: a single optical comb tooth at 1539.4 nm to an
acetylene overtone transition, and the carrier-envelope offset frequency to an RF synthesizer
which is referenced to a GPS-disciplined Rb oscillator. In this chapter, we characterize the
comb stability by comparing the comb with a CW fiber laser reference. In Section 5.1, we
first look theoretically at how the comb stability is limited by the references being used
in the system. This can be done by mathematically interpreting the fractional instability
of any comb tooth in terms of the fractional stability of the RF and/or optical references
used for stabilizing the comb. Then in Section 5.2, we will show our experimental stability
results by comparing the comb to a CW fiber laser reference at 1532.8 nm, ∼ 7 nm away
from the stabilized comb tooth. Our result shows that the comb has short term stability
over an order of magnitude better than the Rb oscillator at 100 ms gate time. In Section 5.3,
we present a few tests about investigating possible frequency shifts induced by the various
erbium-doped fiber amplifiers (EDFAs) used in our system. Our results show that at 1532.8
nm, there is no frequency shift of more than 20 kHz for comb amplification. This 20 kHz
error bar is mainly due to the low comb SNR during the heterodyne beat measurement.
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5.1 Calculation of Comb Instability
Comb stabilization requires the stabilization of two locking points. The conventional way
to stabilize a comb is to lock both f0 and frep to RF references. In this work, we lock f0 to
an RF reference, and frep is stabilized by locking a single comb tooth to an optical reference.
There are also other possible locking schemes, such as (1) locking frep to a RF reference, and
a single comb tooth to an optical reference, and (2) locking two optical comb teeth to two
separate optical references. In this section, we evaluate the comb stability for all these four
possible approaches.
Based on comb’s equation, the frequency of any optical comb tooth can be expressed as
νn = n× frep + f0 (5.1)
Here, n is the mode number of the comb tooth, frep and f0 are the repetition rate and
carrier-envelope offset frequency of the comb, respectively. Assuming we are investigating
the stability for the m th comb tooth, rewriting Eqn 5.1, we have
νm = m× frep + f0 (5.2)
If we stabilize a single tooth to an optical reference, the stabilized comb tooth frequency
can be written as
νref = nref × frep + f0 (5.3)
5.1.1 Scheme 1: f0 and frep Locked to RF reference
In the first approach stabilizing the comb, both the carrier-envelope offset frequency f0 and
the repetition rate frequency frep are locked to an RF reference. The fractional uncertainty
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of the mth comb tooth under test can be expressed as
σνm =
δνm
νm
=
mδfrep + δf0
νm
= m× δfrep
νm
+
δf0
νm
(5.4)
From Eqn 5.4, we can see that the microwave instability of frep is transferred to the optical
regime via the comb equation due to large m number. The larger term in Eqn 5.4 will
determine the overall stability.
In our case, m is on the order of 106, frep is about 90 MHz, f0 is 30 MHz, one third of
frep. Thus, f0 is negligible compared to m × frep in the denominator. Eqn 5.4 can be written
as
σνm =
mδfrep + δf0
m× frep + f0 ≈
δfrep
frep
+
1
m
× δf0
frep
=
δfrep
frep
+
1
3m
× δf0
f0
(5.5)
From the GPS spec sheet, the fractional microwave stability of the GPS-disciplined Rb
oscillator σGPS is 2 × 10−11 τ− 12 . This number sets the upper limit of the uncertainty of
frep, that is
σGPS = 2× 10−11τ− 12 ∼ δfrep
frep
(5.6)
Since f0 is on the order of a few Hz, the second term in Eqn 5.5 is on the order of 10
−13, two
orders of magnitude smaller than the first term. Therefore, the stability of an RF referenced
fiber comb, in this case, is mostly limited by the frep stability.
5.1.2 Scheme 2: f0 to RF, Single Tooth to Optical Reference
In the second scenario for comb stabilization, f0 is locked to an RF reference, while a single
optical comb tooth νn is locked to an optical reference νref, and again we look at the stability
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for the m th comb tooth. From the comb’s equation, we have
νm = m× frep + f0, and (5.7)
νref = nref × frep + f0 (5.8)
We can deduce the frequency of the m th tooth from the above two equations by cancelling
frep
νm =
(nref −m)× f0 +m× νref
nref
= (1− m
nref
)f0 +
m
nref
νref (5.9)
Therefore, the fractional instability of νm is
σνm =
δνm
νm
=
(1− m
nref
)δf0 +
m
nref
δνref
νm
= (1− m
nref
)× δf0
νm
+
m
nref
× δνref
νm
= (1− m
nref
)
f0
νm
× δf0
f0
+
m
nref
νref
νm
× δνref
νref
≡ σm1 + σm2
(5.10)
Eqn 5.10 shows that the stability of the mth comb tooth is the sum of two terms: one is from
the uncertainty of f0 locking (δf0/f0), the other is from the single tooth locking (δνref/νref),
denoted by σm1 and σm2, respectively.
If we plot σm1, σm2 and the sum of both as a function of the wavelength under test λm,
we should be able to tell which term dominates the comb stability around the stabilized
comb tooth ( ∼ 1539.4 nm). Figure 5.1 shows this result particularly for our NPR comb.
We can see that the comb instability σm follows σm2 if the uncertainty of single tooth locking
(σref = δνref/νref) is on the order of 10
−12 or 10−13 (blue and black curves). In other words,
the uncertainty of comb teeth within 400 nm of the stabilized comb tooth is dominated
by the single tooth locking. In this locking scenario, the uncertainty of the optical tooth
locking (σref) needs to be at least on the order of 10
−14 (red curve) to be less dominant and
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Figure 5.1: Scenario # 2: f0 and single tooth locking. The fractional stabilities of the
mth comb tooth at 1 s gate time are calculated assuming different frequency uncertainties for
single tooth locking, represented by blue, black and red curves.
comparable to the instability induced by f0 locking.
5.1.3 Scheme 3: frep to RF, Single Tooth to Optical Reference
The third comb stabilization scenario involves frep locked to an RF reference and one comb
tooth locked to an optical reference. We can rewrite the frequency of the mth comb tooth
in terms of frep and νref. Subtracting Eqn 5.8 from Eqn 5.7 gives
νm = (m− nref)frep + νref (5.11)
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Therefore, we have
σνm =
δνm
νm
=
(m− nref )δfrep + δνref
νm
= (m− nref)× δfrep
νm
+
δνref
νm
= (m− nref) frep
νm
× δfrep
frep
+
νref
νm
× δνref
νref
≡ σm1 + σm2
(5.12)
where σm1 and σm2 denote the first and second term in Eqn 5.12, respectively.
In this comb locking scenario, the uncertainties of frep can be multiplied to the optical
frequency domain. However, if the stability of the RF reference is high enough, the mul-
tiplied RF instability contribution may still be below the instability contribution from the
optical reference, that is, σm1 < σm2. Assuming the fractional uncertainty of our optical
tooth locking (σref) is on the order of 10
−12 at 1 s gate time, we would like to investigate how
well our RF reference (for frep locking) needs to be locked in order to satisfy this condition
(σm1 < σm2).
Figure 5.2 shows σm1, σm2 and the sum of both terms as a function of wavelength. The
stabilized single tooth is again at ∼ 1539.4 nm. For our NPR comb, we look at three cases in
which the uncertainty of the RF reference (σrep = δfrep/frep) is on the order of 10
−11, 10−12
and 10−14, representing the performance of a Rb oscillator, hydrogen maser, and a Caesium
clock at 1 s gate time, respectively. The uncertainty for single tooth locking (σref = δνref/νref)
is assumed to be 10−12 for all three cases.
In our lab, we have a GPS-disciplined Rb oscillator (GPS-Rb) as the RF reference. If we
stabilize fref to the GPS-Rb, the multiplied RF instability σm1 will surpass the instability
induced by optical comb tooth locking σm2, and thus the overall comb stability σm will
be dominated by frep locking, as shown in the blue curves in Figure 5.2. If we were to
use a hydrogen maser (10−12) as the RF reference, represented by the red curves, these
two contributions (σm1 and σm2) will be comparable. If an even better RF reference with
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Figure 5.2: Scenario # 3: frep and single tooth locking. The fractional instability of the
mth comb tooth at 1 s gate time calculated assuming different frequency uncertainties for
frep locking, represented by blue, black and red curves.
uncertainty of 10−14 was used in our setup, the comb stability (σm) would then be limited
by the single tooth locking (σm2), indicated by the red curves in Figure 5.2.
5.1.4 Scheme 4: Two Teeth Locked to Optical References
In the fourth locking scenario, the comb is stabilized by locking two optical comb teeth νref,1
and νref,2 to two different optical references. Based on comb’s equation, we have
νref,1 = nref,1 × frep + f0 (5.13)
νref,2 = nref,2 × frep + f0 (5.14)
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Subtract Eqn 5.14 from Eqn 5.13 gives
frep =
νref,1 − νref,2
nref,1 − nref,2 (5.15)
Eqn 5.13 and 5.14 gives
f0 =
nref,2νref,1 − nref,1νref,2
nref,2 − nref,1 (5.16)
Plugging Eqn 5.15and 5.16 back into Eqn 5.2,
νm =m× νref,1 − νref,2
nref,1 − nref,2 +
nref,1νref,2 − nref,2νref,1
nref,1 − nref,2
=
(m− nref,2)νref,1 − (m− nref,1)νref,2
nref,1 − nref,2
(5.17)
Thus, we have the fractional stability of νm
σνm =
δνm
νm
=
m− nref,2
nref,1 − nref,2 ×
δνref,1
νm
− m− nref,1
nref,1 − nref,2 ×
δνref,2
νm
=
m− nref,2
nref,1 − nref,2 ×
νref,1
νm
× δνref,1
νref,1
+
nref,1 −m
nref,1 − nref,2 ×
νref,2
νm
× δνref,2
νref,2
≡ σm1 + σm2
(5.18)
For simplicity, we assume both comb teeth are stabilized independently from each other
and have comparable fractional stabilities both on the order of 10−12 at 1 s gate time. In this
case, we would like to study how the wavelength separation of two stabilized comb teeth,
denoted by d = λref,1 − λref,2, influences the NPR comb stability. Here we assume λref,1 is ∼
1539.4 nm, and vary λref,2. The top two plots in Figure 5.3 show the instability contributions
from the stabilization of both comb teeth. We can see that the comb stability, that is the
sum of both contributions shown in the bottom plot, can be greatly enhanced by increasing
the separation between the two stabilized teeth d. The shorter the separation d is, the faster
the comb stability degrades as we look at comb teeth further away from the stabilized teeth.
For example, if the two locked teeth are separated by only 3 nm, represented by the blue
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curve in the bottom plot, within 100 nm of the locked tooth at 1539.4 nm, that is λ ∼ 1440
nm, the stability σm already degrades by two orders of magnitude. In contrast, if d = 300
nm, shown by the red curve in the same plot, the degradation is less than a factor of two
even for comb teeth at 900 nm, that is almost 340 nm away from one of the locked teeth at
1239.4 nm.
Figure 5.3: Scenario # 4: Two optical comb teeth locking. The fractional stability of
the m th comb tooth at 1 s gate time are calculated at different separation wavelengths
(d = λref,1−λref,2) between the two stabilized teeth, represented by blue, black and red curves.
λref,1 = 1539.4 nm.
Therefore, for the two comb teeth locking scenario, the wavelength separation between
the two stabilized teeth should be more than 100 nm to achieve a comb stability that
does not degrade too fast. However, common gases for referencing the wavelengths near
telecom wavelengths usually have limited absorption bandwidth of only 30 - 50 nm [138].
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This means that we need to choose two different gases (one could be acetylene) that have
absorption bands separated by over 100 nm for comb teeth stabilization. Considering the
various factors, such as absorption strengths and pressure broadening coefficients, which
significantly influence the saturated absorption error signal, this two comb teeth locking
approach can be a challenging task for practical implementation.
5.2 Reference Characterization
Direct measurement of an optical frequency (THz), i.e. using a frequency counter, is not
possible because the response of electronics is limited to the ns (or GHz) level. Indirect
measurement can be done through a heterodyne comparison with another optical reference.
This so-called optical heterodyne measurement involves two optical frequencies incident on a
fast photodetector, resulting in a RF signal, which is the difference between the two optical
frequencies. The RF beatnote signal can be easily measured by a frequency counter. The
stability of the optical frequency under test can then be deduced from the RF beat signal.
To characterize a reference, we look at both the stability and accuracy of the measured
optical frequency. For a portable reference, short term stability (averaging time less than one
second) is more important than the long term stability. Our results show that the optically
referenced comb has short term stability over an order of magnitude better than the GPS-Rb
oscillator, which serves as the RF reference for all the synthesizers and frequency counters.
For long averaging times, our beatnote data show a slow drift of hundreds of kHz over tens
of hours. The second subsection will be mainly focused on efforts to diagnose the source(s)
of this slow drift.
5.2.1 Stability
To investigate the comb stability, an optical heterodyne beat measurement can be done by
comparing the comb with a stable CW source. Ideally, we would like to study the comb
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stability at a number of wavelengths, and investigate how it degrades as the wavelength of
interest goes further away from the stabilized comb tooth. However, this requires multiple
narrow-linewidth CW references at different wavelengths. In our lab, we only have one
available CW fiber laser source around 1532.83 nm. Therefore, the comb stability at 1532.83
nm is measured, that is 7 nm away from the stabilized single tooth.
Figure 5.4(a) illustrates the measurement between the stabilized comb and the CW
reference. There are four servo loops involved in the system: (1) f0 is locked to GPS-Rb
oscillator using a PPC box, (2) the Fabry-Perot filtering cavity is locked to the comb using
a home-made servo, (3) a single comb tooth is locked to the P(23) overtone transition of
12C2H2 using a PPC box, and (4) a CW fiber laser is locked to the P(13) overtone transition
of 12C2H2 using a PPC box.
Figure 5.4: Optical heterodyne beatnote measurement between the an optically referenced
comb and a CW fiber laser reference.
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Here, we will say a few more words about the CW reference setup. It is a CW fiber
laser referenced to an acetylene overtone transition using the same saturated absorption tech-
nique. The SAS setup is nearly identical to the one used for single tooth locking (Figure 2.2.
The only difference is the hollow-core fiber being used, described in detail in Section 2.3,
with an SEM image shown in Figure 2.4 right.
The resulting RF beatnote between the comb and the CW reference is shown in Figure 5.4
(b), with a gate time of 100 ms. Although the beatnote did show a slow drift at large time
scales, it was quite remarkable that the entire system remained locked for 46 hours without
much degradation in the short term stability.
Figure 5.5: Fractional instability of the optically-referenced comb at 1532.8 nm compared
to a CW fiber laser reference.
If we deduce the stability of this optical tooth based on this RF beat, we could plot
the fractional instability of this optical comb tooth. The red dots in Figure 5.5 show the
deduced instability from the first three hours of the 46-hour measurement. It has a short
time fractional instability of 6 × 10−12 at 100 ms gate time, which is over an order of
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magnitude better than the GPS-disciplined Rb oscillator, shown in black stars [139].
If we plot the fractional instability of frep from the same measurement, shown in the
pink triangles, we find it is limited by the GPS-Rb at short time scales. This is because
all frequency counters are referenced to GPS-Rb. To measure the real frep stability at short
time scales, we would have to have an RF reference better than GPS (e.g. hydrogen maser).
However, it is important to keep in mind that when conducting a single heterodyne
experiment, the Allan deviation calculated from the measurement is merely the upper limit
for the instability from both references. In order to know if this result is limited by the
comb or the CW reference, we need to know the short term stability for the CW reference.
Figure 5.6: Comparison of the fractional instability between the optically referenced comb
stability measurement and the CW fiber reference extrapolated from (1) two identical CW
reference beating [38], and (2) heterodyne beat between the CW reference and a carbon nan-
otube fiber laser frequency comb (data reanalyzed from Ref. [140]).
The stability of the CW reference used for comparison was extrapolated from two pre-
vious measurements. One is the heterodyne beating of two identical CW fiber references
in our lab [38], shown in blue squares in Figure 5.6. They are two fiber lasers stabilized
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independently to two separate acetylene-filled hollow-core fibers using the same SAS tech-
nique. Therefore, the blue squares data shows the relative instability between the two CW
references, which is independent of the GPS limit. The other is the beat between one CW
fiber reference and a carbon nanotube fiber laser-based frequency comb referenced to the
GPS-Rb oscillator, originally published in [140]. The original data set has been reanalyzed
to correct an error and shows improved stability at 1000 s (green diamonds). Because the
stability of the optically referenced comb is comparable to that of the CW reference at short
time scales, the stability of our optical reference at 1539.43 nm has been transferred to the
measured tooth at 1532.83 nm, without much degradation over ∼ 7 nm.
For comparison, the frequency comb of Hu et al. [141] is referenced to a Rb vapor cell
by stabilizing a single tooth to the two-photon transition at 778 nm and frep to an elec-
tromagnetically induced transparency resonance at 3 GHz; the microwave reference limits
the optical fractional instability to be about 10−10 at 1 s, and 10−11 at 1000 s. Stability
similar to that of Figure 5.5 is achieved in the direct comb spectroscopy demonstrated by
Heinecke et al. [43] based on an optically-referenced 10 GHz Ti:sapphire comb. There, a
single tooth is stabilized to a Rb transition using sub-Doppler spectroscopy while the comb
repetition rate is locked to a H maser. The stability of a comb tooth 20 nm away from the
Rb resonance is measured to be 7× 10−12 at 1 s gate time.
Although the optically referenced comb data (red dots) shows great improvement in
short term stability over the GPS/Rb oscillator, the beatnote shows a slow drift at a time
scale of a few hours, which correlates with drift in the repetition rate. This slow drift is
independent of leakage of vacuum chambers, temperature or humidity, and is likely due to
offsets in the locking electronics. We believe with improved servo electronics, the system
is expected to have comparable long-term stability as the single CW reference data (green
diamonds) in Figure 5.6.
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5.2.2 Understanding the Long-Term Drift
For the above beatnote measurements, our data shows a slow drift (Figure 5.4) on a time
scale of a few hours. This is probably due to the single comb tooth locking because similar
drifting behaviour was also observed in the repetition rate signal, shown in Figure 5.7. We
do not fully understand exactly what causes the lock point to drift. In this section, we will
present a few tests that have been done in order to diagnose the source(s) of the long time
drift.
Figure 5.7: Heterodyne beat between an optically referenced comb and a CW reference
at 1532.8 nm. The RF beatnote shows a long term drift, associated with a repetition rate
drift. (a) RF beanote data offset by 23 MHz. (b) Resulting repetition rate from the optically
referenced comb, offset by 89.4 MHz.
Slow drift in the beatnote signal has been observed at various rates, ranging from 3-18
kHz/hr (mostly above 10 kHz/hr). Several factors could contribute to this drift: (1) the
contamination of the acetylene gas due to a slow vacuum leak broadens the sub-Doppler
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feature, and may add some extra offset to the error signal due to the Doppler background
variation, which changes the zero lock point. (2) We have observed a beatnote frequency
variation associated with the temperature cycle caused by the air conditioner in our lab.
A slow drift in the beatnote may be caused by temperature change in the lab. This can
be easily tested by monitoring the temperature for a long time, and compared with the
beatnote data. (3) The PPC servo box used for single tooth locking has a gain-dependent
offset (from a few mV to over a hundred mV). Usually, we can remove this offset by changing
Figure 5.8: Trying to figure out the drift: (a) Beatnote measurement between optically
referenced comb and a CW reference at 1532.8 nm. (b) temperature and humidity in the lab
during the measurement.
the input offset of the servo box before data acquisition starts. However, for a long time (a
couple of hours) measurement, the optimum gain for locking the single tooth may change
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slightly over time.
To check if the chamber contamination is associated with this drift, we switched two
reference setups because the two pairs of vacuum chambers have slightly different leaking
rate. A 110 kHz drift was still observed during a 7.5-hour measurement, shown in Figure 5.7.
Figure 5.9: Trying to figure out the drift: (a) Beatnote measurement between the optically
referenced comb and a CW reference at 1532.8 nm. Relocking the filtering cavity resulted in
locking to different comb teeth, represented in different colors. (b) Resulting repetition rate
signal due to the single tooth locking. Discontinuity occurs when a different comb tooth is
locked to the acetylene transition.
For temperature concerns, we made boxes using thermal-isolating materials to isolate
the two hollow-core fibers in both reference setups and repeated the measurement. However,
similar drift was still observed. A more rigorous measurement was done by recording the
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temperature and humidity near the two reference setups while taking the beatnote data.
For an 18 hour measurement shown in figure 5.8, the beatnote drifted by 300 kHz (16.7
kHz/hr) while the temperature and humidity remained nearly unchanged in the lab.
Figure 5.10: Understanding system drift: (a) Beatnote measurement between optically
referenced comb and a CW reference at 1532.8 nm. Several parameters were intentionally
re-locked (while keeping other servo loops locked) during the measurement. (b) Temperature
and humidity in the lab during the measurement.
As we took longer measurements, we noticed that the drift tended to reach an ”equi-
librium” after 15 hours or so. Therefore, we did the following long measurement to see
if the beatnote stops drifting after 15 hours, shown in Figure 5.9. However, during this
measurement, we had to relock the filtering cavity several times to a different comb tooth
(represented by different colors) once the originally stabilized comb tooth moved beyond
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the PZT’s capture range and fell out of lock. This can be seen in Figure 5.9(b) from the
discontinuity of the repetition rate signal, which is due to the fact that different comb teeth
were stabilized to the acetylene P(23) overtone transition. We can see from the data that
the drift slows down after about 10 hours, and also that the drifting rate varies when a
different comb tooth is stabilized.
Finally, we tried to intentionally relock f0, the filtering cavity, or single tooth, one at a
time, and see if any of these actions “reset” the beatnote. The slope of the drift changes
slightly, as shown in Figure 5.10.
However, all of the above tests did not solve the drifting problem for us. We believe
it is likely due to offsets in the locking electronics. The commercial PPC box was used to
stabilize the single comb tooth, which has a gain-dependent offset. With improved servo
boxes, the system is expected to have comparable long-term stability to the green diamonds
in Figure 5.6. The accuracy of this comb reference is expected to be comparable to the cw
reference in Ref. [140] of ±10 kHz.
5.3 Tests for Possible Frequency Shift from EDFAs
There are a few erbium-doped fiber amplifiers (EDFAs) used in the setup, most of which
are seeded with a narrow-bandwidth comb. Although the total average power is enough
for seeding the EDFAs, the actual optical power per individual comb tooth is rather low
(sometimes nW level). In addition, the wavelength we want to amplify is on the edge of the
erbium-doped fiber gain spectrum. To study if any possible frequency shift is induced by the
power amplification, we did the following test: we split our laser source into two portions,
one goes into a particular amplifier under test, the output of the amplifier is then optically
heterodyne beated against the other un-amplified portion. Any frequency shift induced by
the amplifier will result in a non-zero RF beanote. We use both CW fiber laser and a
narrow-bandwidth comb as the laser source, discussed in the following two sub-sections.
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The amplifiers under test are: (1) a commercial CW PM EDFA from IPG Photonics
(Model number: EAR-0.5K-C-LP-SF-KS), used in the CW reference SAS setup, (2) com-
mercial CW PM EDFA from Manlight (Model number: HWT-EDFA-B-PM-C27X), used
before filtering cavity, as well as in the single tooth SAS setup, (3) a home-made CW EDFA
with both forward and backward pump, described in Section 4.3.3, used to amplify a narrow
bandwidth comb to seed the Manlight EDFA before the filtering cavity.
Specifically, we look at two wavelengths: 1532.8 nm and 1560 nm. The former is the
wavelength we would like to amplify in our actual experiment, which is on the edge of
the erbium fiber gain spectrum. For comparison, the latter is the gain spectrum central
wavelength. A general conclusion from these tests is that: when seeded with a CW laser,
no obvious frequency shift is observed for all the EDFAs under test. The error bars are less
than tens of Hz. When seeded with a comb, again no frequency shift is observed for 1560
nm, with error bar less than 20 Hz. However, for 1532.8 nm, the error bar is within 20 kHz.
The larger error bar is due to the low SNR of the beatnote signal.
5.3.1 EDFAs with Low CW Seeding
Figure 5.11 shows the experimental setup for this test. An AOM is added in the setup for
the purpose of creating a non-zero beatnote which is separated from the DC background of
the spectrum analyzer. If there is no frequency shift induced, the beatnote should occur at
the AOM frequency.
Figure 5.11: Schematic setup for measuring any frequency shift induced by EDFAs with
low CW seeding power.
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Input Output Center shift (Hz) Error bar (Hz)
5.3 mW 100 mW, 50 mW, 20 mW 0 +/- 2 Hz
75 µW 100 mW, 50 mW 0 +/- 2 Hz
26 µW 50 mW, 20 mW 0 +/- 20 Hz
275 nW 50 mW, 20 mW 0 +/- 10 Hz
105 nW 20 mW 0 +/- 40 Hz
Table 5.1: Frequency shift test for IPG PM EDFA when seeded with CW light at 1532.8
nm.
Table 5.1 gives a summary of our observations for the IPG EDFA. The input optical
power of the CW laser at 1532.8 nm is attenuated from 5.3 mW down to 105 nW. The
output power setting varies from 100 mW to 20 mW. All measurements show no shift in
the central frequency. However, the error bar does increase for lower CW seeds, but is still
within 100 Hz. Figure 5.12 gives a few examples of the beatnote data for an IPG EDFA,
with the y-axis being the AOM frequency subtracted from the RF beatnote.
Figure 5.12: Beatnote between amplified and un-amplified light with CW seed at 1532.8
nm. EDFA under test: IPG PM EDFA.
The home-made CW EDFA is tested using the same setup shown in Figure 5.11. Instead
of varying the output setting, the forward and backward pump currents are varied during
the test for different CW seeding powers. The results are summarized in Table 5.2.
Similar tests are done for the Manlight EDFA. No frequency shift within tens of Hz was
observed for a CW seeding power greater than or equal to 0.1 mW. For CW seeds less than
0.1 mW, the EDFA shuts off automatically.
158
Input Forward pump Backward Pump Central shift (Hz) Error bar (Hz)
225 µW 500-1000 mA 800-900 mA 0 +/- 10 Hz
22.7 µW 500-1000 mA 800-1400 mA 0 +/- 12 Hz
2.27 µW 500-1000 mA 800-1400 mA 0 +/- 12 Hz
206.4 nW 500-1000 mA 800-1400 mA 0 +/- 12 Hz
Table 5.2: Frequency shift test for home-made CW EDFA when seeded with CW light at
1532.8 nm.
5.3.2 EDFAs with Low Comb Seeding Power
When seeded with a comb, we only tested the home-made EDFA. The comb we used is
directly from the NPR fiber ring oscillator, with a repetition rate of 90 MHz. The setup is
similar except that instead of a heterodyne beatnote measurement between two CW lasers,
we now beat an amplified comb against the un-amplified comb. Successful heterodyne
beatnote measurement requires two pulses to overlap in time. Therefore, we add a tunable
delay stage in one of the arms to compensate any time delay, illustrated in Figure 5.13.
In order to have sufficient power for dual comb beating, we had to first amplify the comb
using a home-made short-pulse EDFA (described in Section 4.3.1) and then use a fiber
Bragg grating to filter a narrow spectral bandwidth (50-100 GHz) of the comb around the
wavelength of interest.
Figure 5.13: Schematic setup for testing frequency shift induced by EDFAs with low comb
seeding power at 1560 nm.
For a comb seed at 1560 nm, we have sufficient beatnote SNR of more than 30 dB in 1
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Figure 5.14: Frequency shift versus time for different pump current settings. EDFA under
test: the home-made CW EDFA, seeded with 50 GHz bandwidth comb with an average power
of 6.6 µW at 1560 nm.
MHz resolution bandwidth (RBW). The average seeding power varies from 450 µW down
to 6.5 µW, corresponding to 11.7 nW per comb tooth. No frequency shift is observed, with
an error bar of +/- 8 Hz. Figure 5.14 gives a plot of frequency shift in Hz versus time for
different pump current settings, with an average comb seeding power of 6.6 µW. For a comb
seed at 1532 nm, it is a little tricky to conduct the dual comb beatnote measurement because
of the low comb power around 1532 nm. For this reason, we cannot use the comb directly
from the NPR fiber ring oscillator. Instead, we used the light from the supercontinuum,
denoted ”SC” in Figure 5.15. Two setup schemes were tried, shown in Figure 5.13, but both
failed. In plan (a), no RF repetition rate signatures were observed after the EDFA output,
probably because the seeding power was too low for the EDFA under test. Therefore, we
tried plan (b), in which the fiber Bragg grating was replaced by a filter WDM to provide
more seeding power for the following EDFA. An RF beatnote was observed but with a low
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SNR of only 6 dB in 1 MHz RBW. For a proper measurement by the frequency counter,
the minimum SNR is about 22 dB.
Figure 5.15: Two proposed setups for testing frequency shift induced by EDFAs with low
comb seeding power at 1532.8 nm. Both methods failed because of low comb SNR.
We finally came up with Plan (c) to do this dual comb heterodyne beatnote measurement
at 1532.8 nm, shown in Figure 5.16. Instead of a dual comb beat, we compare the comb with
a CW reference. This time we had to make the measurement in three steps: we recorded
the beatnote between the un-amplified comb (the supercontinuum) and a CW fiber laser
stabilized to an acetylene transition, P(13). Then we repeat the same measurement using
an amplified comb. In the end, we compared the two RF beatnotes and see if they are
different or not.
This measurement gives the following result, shown in Figure 5.17 (c) and (d). The
y-axis is the frequency difference between the two RF beatnotes. If no frequency shift is
introduced, the difference signal should be centered at zero Hz. The oscillatory behaviour
in (c) and (d) is probably due to the unstable f0, shown in (a). Different colors represent
measurements under various pump current settings. The fact that there is no obvious jump
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Figure 5.16: Plan (C): Successful setup for testing frequency shift induced by EDFAs with
low comb seeding power at 1532.8 nm.
between any adjacent colors indicates that no obvious frequency shift was introduced when
one changed the pump currents. We also noticed that the beatnote data is consistent with
or without any amplification. However, this data still shows a 10 kHz scattering, due to the
low beatnote SNR.
Based on the tests done using a low power frequency comb as the seed for EDFAs, no
frequency shift is observed for the wavelength 1560 nm, with error bars less than 20 Hz. For
wavelength at 1532.8 nm, the error bar increases to 20 kHz, but mainly due to the low SNR
of the beatnote signal from low comb powers at this wavelength.
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Figure 5.17: (a) f0 locking and (b) frep locking versus time, (c) and (d) are zoom out and
zoom in pictures of frequency shift versus time. EDFA under test: the home-made CW
EDFA, seeded with supercontinuum comb with an average power of 0.52 mW at 1532.8 nm.
The forward and backward pump current settings are in orange and green color, respectively.
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Chapter 6
Prism-based Cr:forsterite frequency
comb
This chapter presents the experimental work I did on a free space Cr:forsterite laser frequency
comb. The work I’m going to talk here is not quite relevant to my major PhD project on
single comb tooth saturated absorption described in previous Chapters 2 - 5. However,
it was a great personal experience to work on a free space solid-state laser, and some of
the following unpublished results may still be valuable for future research work in the laser
community. Therefore, I summarize the work I have done as an independent Chapter.
Self-referenced Cr:forsterite (Cr:f) based combs tend to exhibit wide carrier-envelope
offset frequency (f0) linewidths, which result in broad comb teeth. This can be attributed to
significant frequency noise across the combs spectral bandwidth. However, we have observed
significant carrier-envelope offset frequency (f0) linewidth narrowing in our prism-based Cr:f
frequency comb from ∼ 1.4 MHz down to 100 kHz by changing the prism insertion only, and
further down to 23 kHz by inserting a knife edge into the intracavity beam while keeping
the same prism insertion.
The Cr:f comb in our lab was setup by a few of our previous group members: Karl
Tillman, Rajesh Thapa, Kevin Knabe, and Andrew Jones. Karl and Rajesh observed this
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f0 narrowing effect for the first time and did a lot of initial work on f0 noise dynamics
trying to explain this phenomenon [142]. My contribution to this project is a continuation
of their work. In addition, I also made multiple noise measurements in order to explain the
f0 narrowing effect. I found that the previously-developed theoretical expression [143] based
on laser relative intensity noise does not explain the observed narrowing of f0, but indicates
that other noise processes may contribute.
6.1 Introduction and Motivation
As discussed in the Introduction (Section 1.2.2), the first and highest performance frequency
combs have been based on Ti: Sapphire lasers, and access primarily the visible spectrum
out to ∼ 1.0 µm. However, many of the above applications benefit from near IR combs
extending into the eye-safe, optical telecomunication regions. Cr:forsterite, Cr:YAG, and
Erbium-doped fiber lasers are all important sources in that region [144–148].
The linewidths of the carrier-envelope offset frequency (wf0) become important in many
applications, including optical frequency metrology. Wide linewidths lead to broadening of
the comb teeth when the comb is self-referenced, and degrade the precision of frequency
measurements made with the comb. Narrow linewidths potentially provide better short-
term stability, improving the stabilization of f0, and therefore allowing higher accuracy
measurements to be made in shorter time. Nowadays, the f0 linewidth (wf0) in Ti: Sapphire
laser frequency combs reach the mHz level [41,149]. Locked fiber-based combs also have f0
linewidths reduced from a few MHz [150, 151] to subHz [130]. In contrast, to the best of
our knowledge, no Cr:forsterite combs described in the literature has ever demonstrated wf0
less than 1 MHz [147,152].
In this work, we have stabilized a prism-based Cr:forsterite laser frequency comb and
examined its wf0 . Surprisingly, we find experimentally that the free-running wf0 can be
reduced from ∼ 1.4 MHz down to ∼ 23 kHz by inserting a knife edge (KE) into the cavity,
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while keeping all other laser parameters the same (i.e. pump power, prism insertion, beam
alignment). In prism-based cavities, a knife edge or slit is often used to tune the center
frequency of a mode-locked laser by introducing wavelength-dependent loss into the cavity
[153, 154]. Here, we describe the first system in which the wf0 is observed to narrow by
a factor of 60 when a knife edge is introduced in a prism-based Cr:forsterite laser system.
Narrowing of wf0 can be induced when varying the prism insertion in the cavity, but the
reduction is less dramatic. The cause of this linewidth reduction is discussed later.
Previous investigations [155–158] offer insight into the cause of f0 fluctuations in Ti:
Sapphire frequency combs. In particular, Helbing et al. [157] found that fluctuations in
intracavity peak power couple to f0 differently in prismless and prism-based lasers. In their
prism-based Ti: Sapphire laser, the major contribution to wf0 is jitter in the intracavity
beam pointing stability which gives rise to dispersion fluctuations inside the prism. In
contrast, in prismless systems, the change in linear dispersion due to the Kerr effect is
dominant. In Ti: Sapphire lasers with and without prisms, Holman et al. [156] investigated
the dependence of f0, frep and the central frequency of the pulse spectrum on intracavity
power. They measured how f0 changed with intracavity intensity (∆f0/∆I) and found that
in order to obtain optimum conditions for f0 control, the intracavity power must be chosen
such that ∆f0/∆I is non-zero. Furthermore, they concluded that smaller cavity group delay
dispersion (GDD) leads to reduced spectral shift induced by power fluctuations. Thus, in
prism-based lasers, where GDD is typically minimized, wf0 is minimized but f0 is very
difficult to control by changing the pump power.
Efforts have also been made to understand the origins of frequency jitter on the carrier-
envelope offset frequency of fiber-based laser frequency combs [159]. McFerran et al. [143]
showed that the pump laser’s intensity is a significant noise source in their erbium fiber
laser frequency comb. The reduction of relative intensity noise (RIN) of the pump results
in a narrowing of the free-running f0 from hundreds of kHz to ∼ 60 kHz. They developed
a theoretical model incorporating the RIN and response of f0 to pump power fluctuations,
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and the roll-off frequency of the laser gain medium. The model agrees well with their
experimental results.
In this chapter, we present the experimental observations of f0 linewidth (wf0) narrow-
ing when two aspects of the Cr:forsterite laser are changed: the presence of a KE in the
cavity, and the prism insertion. We apply aspects of the model developed by McFerran
et al. [143] for their Er-doped fiber frequency comb to our Cr:forsterite laser system, and
compare the calculated linewidths wcalcf0 to our experimental data w
exp
f0
. We also compare our
observations to the results in the Ti: Sapphire laser system [156] developed by Holman et al.
The effect of frequency-dependent relative intensity noise (RIN(f)) of both the pump and
Cr:forsterite laser on the linewidth of the carrier envelope offset frequency is explored in this
work. Application of these explanations and this model to the Cr:forsterite KE narrowing
phenomenon leaves some unanswered questions.
6.2 Laser Configuration
In this section, we introduce both the cavity configuration and the scheme for f0 detection
and stabilization. The general cavity layout of the prism-based femtosecond Cr:forsterite
laser is shown in Figure 6.1 (a). It is a folded cavity that uses a negatively chirped SF6
prism pair for dispersion compensation. The separation between the two SF6 prisms is 30
cm. The pump beam is focused into the 15 mm long Cr:forsterite crystal (0.2 % doping
by weight) by a focusing lens with 10 cm focal length. When pumped by a continous wave
Yb-doped fiber laser at 1075 nm with 9.6 W (IPG Photonics), mode locking can be easily
initiated by quickly changing the insertion of the prism farther from the end mirror (EM).
The mode-locked laser spectrum spans from 1175 nm to 1325 nm, with a typical bandwidth
of 38 nm, as shown in Figure 6.1 (b). The average mode-locked lasing power is about 360mW
at a repetition frequency of 113 MHz after the 6 % output coupler (OC).
Figure 6.2 shows the self-referencing configuration for f0 detection and a simplified
167
Figure 6.1: (a) Cavity configuration and (b) mode-lock spectrum for the prism-based
Cr:forsterite laser. (F1 = 100 mm focusing lens, M1 and M2 = cavity mirrors, ROC
= radius of curvature, M3 = cavity folding mirror, P1 and P2 = SF6 prisms, HR = high
reflector, OC = output coupler). The two arrows near the prism and HR indicate the servo
controlled elements for both frep and f0 stabilization. The arrow near the knife edge shows
the direction of knife edge movement.
schematic of the locking scheme for both f0 and frep. The mode-locked Cr:forsterite laser
output is launched into a 2 m length of highly nonlinear fiber (HNLF) with a dispersion
parameter of D = 1.19 ps/(nm km) at 1550 nm in order to generate a supercontinuum (SC)
spectrum spanning from 1010 nm up to 2300 nm. The offset frequency f0 is obtained by
employing the f-to-2f self-referencing technique [160]. The second harmonic generation of
the 2060 nm light is produced and combined with the 1030 nm light, which results in the
heterodyne beat signal f0. The signal-to-noise ratio (SNR) of the f0 beat note is about 42
dB at 100 kHz resolution bandwidth (RBW). For f0 stabilization in a prism-based laser cav-
ity, a common method is to change the cavity dispersion by swiveling the end mirror [162].
However, this method limits the servo bandwidth, which restricts the accuracy with which
f0 can be locked [163]. An alternate method which allows for a larger bandwidth is to con-
trol the pump power. In our experiment, we use a combination of a slow servo controlling
prism insertion with a fast AOM servo that controls the pump power for f0 stabilization.
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Figure 6.2: Locking scheme for the phase stabilization of f0 and frep. All synthesizers and
frequency counters are referenced to a Global Positioning System (GPS)disciplined rubidium
(Rb/GPS) oscillator. Refer to [161] for a more detailed description. PBS: polarization beam
splitter, SC: supercontinuum, DM: dichroic mirror.
frep lock is obtained by creating a feedback loop to the piezoelectric transducer (PZT) on
the high reflecting (HR) mirror in order to control the cavity length. Ref. [161] gives a more
detailed description of the stabilization scheme for this Cr:forsterite comb.
6.3 Observation of f0 Linewidth Narrowing
Significant narrowing of f0 linewidths is observed when we insert the KE into the beam at
the Fourier plane of the prism pair within the laser cavity. Figure 6.3 (a) shows the snapshots
of f0 linewidths as the KE is gradually introduced. However, the values given in Fig. 3
represent an average of multiple 3-dB linewidths recorded at different resolution bandwidths
(RBWs). The KE starts out from a position that is away from the intracavity laser beam,
i.e. 0.125 mm and 1.625 mm in Figure 6.3 (a). wexpf0 is measured to be ∼ 1.2 MHz and
1.5 MHz, respectively. As we move the KE in, it starts to intersect and cut the beam from
169
the long wavelength section to shorter wavelengths. Meanwhile, wexpf0 becomes narrower and
reaches its minimum of ∼ 23 kHz when the KE is at a position of 0.5 mm. When we insert
the KE further, f0 becomes unstable and the linewidth w
exp
f0
is wider again (KE = 0.625
mm and 0.750 mm in Figure 6.3 (a)). We experience difficulty in phase stabilizing f0 at its
narrowest linewidth, where f0 does not respond well to pump power servoing. The possible
reasons will be discussed below.
Figure 6.3: (a) Measured f0 linewidth on a log scale as a function of relative knife edge
position. Insets on top show f0 linewidths on a linear scale at a span of 4 MHz, with RBWs
of 30 kHz, 3 kHz, 1 kHz, 1 kHz, and 30 kHz from left to right. The lower left inset is a
zoom-in plot of the narrowest linewidth, span 100 kHz, RBW 1 kHz. Data was taken within
26 hrs. (b) The change in central wavelength (solid square) and bandwidth (open circle) of
the Cr:forsterite mode-locked spectrum as a function of knife edge position. (c) Mode-locked
optical spectrum of the Cr:forsterite laser when the KE is inserted at four different positions
in (a).
While wf0 changes by orders of magnitude as the KE is inserted, other laser parameters
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change very little. Figure 6.3 (b) and (c) indicate the simultaneous narrowing and shifting
of the Cr:forsterite laser’s optical spectrum when the KE is inserted as shown in Figure 6.3
(a). In our measurements, the overall shift of the central wavelength is about 14 nm, while
the modelocked bandwidth of the laser ( ∼ 45-50 nm) is reduced by only a few nanometers
(less than 10 %). We notice that there exists a “turning point”, at which both the central
wavelength and bandwidth start to change significantly as the KE is inserted. In Figure 6.3
(a), this “turning point” occurs when the KE is at 0.5 mm. This “turning point” changes
day-to-day with respect to the KE position due to laser alignment and modelocked behavior
(i.e., in some days, the spectrum bandwidth changes from 49 nm to 45 nm as the KE is
inserted). However, the narrowest linewidth always occurs near this “turning point”. As the
KE is introduced further, the f0 linewidth becomes wider. This “turning point” observation
is consistent with the threshold behavior that Holman et al. found for their Ti: Sapphire
laser system when varying the prism insertion [156]. That is, for a pulse spectrum bandwidth
below the “threshold”, which is 47 nm for the 100 MHz Ti: Sapphire laser, the f0 linewidth
increases as the spectral bandwidth decreases.
We also observe a similar linewidth reduction (from 1.4 MHz to 150 kHz) merely by
changing the prism insertion (without the KE inserted). The prism was inserted 1.128 mm
less for the latter case (equivalent to a decrease in net cavity GDD of 205 fs2 per round
trip) and a reduction in wexpf0 is observed. At the same time, the central wavelength of the
modelocked spectrum shifts by 0.3 nm, and the bandwidth increases from 43 nm to 48.8
nm. An interesting observation is that the minimum linewidth wexpf0 obtained by optimizing
laser alignment and prism insertion is around 100 kHz, which is much larger than the ∼ 23
kHz linewidth obtained when the KE is inserted. Also, for a 100 kHz linewidth, f0 can be
phase stabilized easily. Whereas, it is much more difficult to phase stabilize with when the
f0 width is 23 kHz.
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6.4 Developed Theory
In order to explain these phenomena, we adopt a theoretical model developed by J. J.
McFerran et al. [143] for their Erbium-doped fiber laser frequency comb. The model predicts
the noise on the carrier envelope offset frequency, which shows up as the width of the f0 peak
when measured with the f-to-2f interferometer. We incorporate this idea into our free-space
Cr:forsterite laser frequency comb such that the free-running ∆f0 can be predicted as:
wcalcf0
∼= pi[
fmax∫
fmin
(Ppump
df0
dPpump(f)
)2RINCr:f(f)df ]
1
2 (6.1)
where Ppump is the pump power, df0/dPpump(f) is the frequency-dependent frequency re-
sponse of the f0 signal to the amplitude modulation of pump power, and RINCr:f(f) is the
relative intensity noise (RIN(f)) of the mode-lock Cr:forsterite laser in dBc/Hz. The quan-
tity inside the integral represents the power spectral density of wf0 , which is described by
squaring the frequency response of f0 to pump power changes and multiplying by the laser
RIN. The free-running offset frequency linewidth can be approximated by integrating the
power spectral density over all frequencies up to a 3-dB roll-off of the gain medium at ∼ 700
kHz [152]. In our calculation, we convert the response of f0 to pump power changes into
the response with respect to the change in the mode-locked laser power (PCr:f). Therefore,
the term Ppumpdf0/dPpump is assumed to be equal to PCr:fdf0/dPCr:f.
6.5 Measurement of Noise Dynamics
To determine if Eqn 6.1 describes the noise processes in the Cr:forsterite laser, we first
measure under a variety of conditions both wf0 and the quantities under the integral in
Eqn 6.1 (PCr:f, df0/dPCr:f(f), and RINCr:f(f)), which describe the noise dynamics of f0. Then
we compare the measured and calculated values of wf0 . Because the laser drifts and these
measurements take time, we cannot compare wexpf0 with w
calc
f0
for all the KE insertions shown
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in Figure 6.3 on a given day. Instead, we compare the wf0 with no insertion and with
insertion to minimum linewidth on a variety of days. Figure 6.4 shows the measured wf0
Figure 6.4: Measured wexpf0 (solid black triangles) on three different days, compared with
calculated values wcalcf0 using locked (solid blue square) and unlocked (open red circle) Cr:f
RIN. “no KE” and “KE in” represent the case of no KE present in the laser cavity and
with KE inserted for minimum wf0, respectively. “Prism” indicates the case of minimum
wf0 being obtained by changing the insertion of prism P2 only (no KE present).
(solid triangles) for three such days. It is an averaged 3-dB linewidth recorded at various
RBWs when both f0 and frep are phase stabilized (or locked) simultaneously (i.e., frep =
113 MHz ± 2 mHz and f0 = 35 MHz ± 1 Hz using 1s gate time), also denoted as wexpf0 in
later paragraphs. Day 3 “no KE” and “KE in” in Figure 6.4 represent data points from
Figure 6.3 (a) at KE = 0.125 and KE = 0.5 mm, respectively. For each of these points in
Figure 6.4, the noise dynamics of f0 were also characterized, as described below to facilitate
comparison. Before describing that comparison, we first describe the measurement of those
quantities.
The quantities that describe the noise dynamics (PCr:f, df0/dPCr:f(f), and RINCr:f(f)) are
measured in the following way. PCr:f is determined from the measured average output power
at the 6 % output coupler (OC), which is ∼ 300 mW. The frequency-dependent RINCr:f(f)
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and RINpump(f) are measured as described in detail in Ref. [152]. Figure 6.5 (a) shows
the behaviour of the Cr:forsterite RIN with and without knife edge present in the cavity
on the same day, when both f0 and frep are phase stabilized. The data labeled “prism” is
when no KE is present, and we change the prism insertion for minimum f0 linewdith. The
Yb-doped fiber pump laser RIN is also plotted for comparison. Figure 6.5 (a) shows that the
Cr:forsterite RIN is reduced, but not significantly, as we change prism insertion or introduce
the KE into the cavity. This is confirmed by comparing the integration of RIN(f) over all
frequencies. The integral is only 24.3 % smaller with KE than that of without KE, while
wexpf0 is reduced almost by a factor of 10. The independence of the RIN on the KE leads us to
believe that the RIN is not the main contribution to the change in wf0 . In order to explain
the dependence of the measured wf0 on KE position we need to discuss the dependence of
f0 on changes in pump power (df0/dP ).
First we will describe the measurement of df0/dP (f). The setup for this measurement
is shown in Figure 6.6. df0/dPpump(f) is measured by step modulating the acousto-optic
modulator (AOM), or pump power, and counting the free-running f0 simultaneously. For
modulation frequencies below 300 Hz, we use the same method as described in Ref. [152].
The corresponding change in f0 due to the modulation (df0(f)) is extracted by Fourier
transforming the free-running f0(t) signal (Figure 6.6 (a) left inset) into the frequency
domain, filtering the DC component, and again converting back to the time domain where
df0 can be extracted as a function of time (Figure 6.6 (a) right inset). This is called slow
modulation, as depicted in Figure 6.6 (a).
To measure df0/dPpump(f) at modulation frequencies above 300 Hz (specifically, from
100 kHz to 2 MHz), the changing f0 cannot be tracked by frequency counters with sufficient
resolution and speed, so a faster modulation technique is employed (Figure 6.6 (b)). In
order to minimize the effect of slow drift of the free-running f0, f0 is loosely locked with the
slow prism servo (bandwidth < 30 kHz) as the fast modulation is applied. The recorded
linewidth is an average of multiple 3-dB linewidths recorded at different RBWs. Due to
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Figure 6.5: (a) Cr:forsterite RIN(f) measurements taken in three cases when the locked f0
linewidth is measured to be 150 kHz, 400 kHz and 1.4 MHz, respectively. For comparison,
the pump RIN(f) is included. Data beyond 100 Hz are at least 10 dB above the background
noise of the photodetector. (b) df0/dPCr:f as a function of frequency. (c) The calculated
change in f0 as a function of frequency limit of integration.
the pump power modulation, it is broadened as compared to wexpf0 , the linewidth measured
when both f0 and frep are phase stabilized and pump power is not modulated. The difference
between these two linewidths gives the change in f0 (df0) at a certain modulation frequency.
df0/dPCr:f(f) can be obtained by dividing df0 by the change in Cr:f laser output power
induced at a given change in pump power. Figure 6.5 (b) is a comparison of df0/dPCr:f(f)
measured on different days with and without KE insertion. Here we are focusing on high
modulation frequencies. This is because as we calculate the integral wcalcf0 as a function
of the upper frequency limit fmax, shown in Figure 6.5 (c), the plot indicates that w
calc
f0
is
dominated by noise above 200 kHz (The 3-dB roll-off frequency of the gain medium is 700
kHz [152].) For high modulation frequencies, we observe change in the absolute value of
df0/dP (f) from day to day (Figure 6.5 (b)). However, df0/dP (f) does not vary significantly
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Figure 6.6: Schematic figure of (a) “slow” and (b) “fast” AOM modulation. (a) The
“cross” in the diagram indicates that no f0 feedback is used (i.e. f0 is unlocked), under the
“slow” modulation scheme. The left inset shows an example of the f0 trace (fmod = 3 Hz)
as a function of time (solid line). The red dashed curve indicates the DC component of the
Fourier transformed f0 trace that was subtracted to create the right inset. The right inset
shows an extracted df0 as a function of time. (b) The inset shows how the f0 linewidth under
200 kHz modulation (red envelope) is broadened as compared to the locked linewidth (green).
The dashed curves are a cartoon illustrating that this broadening is due to the oscillation of
f0 under modulation.
overall whether the KE is present or not, compared to the order of magnitude narrowing of
wexpf0 .
Once the noise dynamics are measured, wcalcf0 can be calculated using Eqn 6.1 and com-
pared directly with wexpf0 . Now we go back to Figure 6.4, and describe the comparison on
three different days. For the calculated values, we used the locked and unlocked Cr:forsterite
RIN to perform the integral from 0 to 2 MHz. Both calculations give similar wcalcf0 , indicating
that the effects of cavity noise on f0 are not significantly reduced by locking f0 and frep.
Overall, wexpf0 and w
calc
f0
agree within a factor of 3 when the knife edge is not present in the
cavity. However, larger discrepancies occur when the KE is inserted for minimum ∆f0. This
indicates that there might be other noise mechanisms when the knife edge is inserted that
counteract the frequency noise due to the pump. We will try explaining our results in the
next section.
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6.6 Proposed Explanation
Since the McFerran’s model [143] does not fully explain our results, especially for cases when
the knife edge (KE) is inserted, in the next three paragraphs we try to understand the effect
of the KE and prism on wf0 narrowing qualitatively based on the results in Ti: Sapphire
described in Ref. [156].
Ref. [156] found that in Ti: Sapphire lasers, f0 linewidth (wf0) is related to the intensity-
related spectral shift and group-delay dispersion (GDD). Thus, we calculate the net cavity
group-delay dispersion of our Cr:forsterite laser as a function of wavelength, which is shown
in Figure 6.7. We consider the material dispersion of both the Cr:forsterite crystal and the
Figure 6.7: Calculated net cavity GDD as a function of wavelength under three different
round trip path lengths inside prisms. The vertical line in the center indicates the central
wavelength ( 1262 nm) of the pulse spectrum when no KE is present.
prism pair, and angular dispersion due to the separation of the prism pair. The net cavity
dispersion is the sum of the three. The details of the calculation are given in Ref. [164]. The
parameters used in this calculation are: 30 mm prism separation, overall prism insertion of
15 mm per round trip, 30 mm Cr:forsterite crystal length (round trip), and a beam waist of
1.5 mm. Based on this calculation, we believe that our laser operates in a region where the
net cavity GDD is very close to zero. The reduction of wf0 by adjusting KE insertion can
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be explained by the change in net cavity GDD. Figure 6.7 shows that the absolute value of
the net cavity dispersion decreases as wavelength decreases. Therefore, as the mode-locked
spectrum shifts toward shorter wavelengths due to the KE insertion, the magnitude of net
cavity dispersion is reduced by a small amount and thereby closer to zero. As a result,
according to Ref. [156], the coupling of f0 to intensity fluctuation decreases, which leads to
a reduction in f0 linewidth. As we insert the KE further after the turning point (when wf0
reaches a minimum), the central wavelength of the pulse spectrum decreases dramatically
(Figure 6.3 (b)). This pushes the net cavity GDD much faster in the positive direction and
away from the zero point, in which region the laser is unstable. Therefore, f0 becomes wider
and unstable.
Figure 6.7 gives three net cavity GDD curves under different round trip path lengths
inside the prism: 17, 15, and 13 mm. Since the laser operates near the zero GDD region,
it is very likely that the Cr:forsterite laser operates in both the positive and negative GDD
regions depending on the optimization of the prism micrometer on different days. This
is important because it explains why the f0 linewidth is narrowed by reducing the prism
insertion. The net cavity GDD of the laser may start off with a small positive value, and
decrease as the prism insertion is reduced. Minimization of the cavity group-delay dispersion
leads to a reduced influence of pump power on f0. This has the beneficial effect of reducing
wf0 while simultaneously reducing the control one can expect over f0 using pump power.
In order to explain why it is difficult to stabilize f0 with pump power when the KE is
inserted for narrowest wf0 , we plot df0/dP as a function of KE position under square-wave
pump power modulation, as shown in Figure 6.8. For modulation frequencies of 1 Hz, 3 Hz
and 10 Hz, df0/dP decreases as the KE is inserted. Based on the discussion in Ref. [156], in
prism-based laser, df0/dP decreases as the net cavity GDD decreases. When we insert the
KE, the cavity dispersion is decreased due to the spectral shift to shorter wavelengths, so
df0/dP becomes small. Therefore, f0 does not respond sufficiently to pump power servoing.
Another factor that could explain the difficulty in locking is as follows: it is possible that the
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Figure 6.8: df0/dPCr:f as a function of knife edge position under slow pump power modu-
lation.
way wf0 changes with KE insertion is influenced by the pump power. There exists a small
region for minimum wf0 due to large pump power variation. Unfortunately, this region is
small, so it is difficult to attain for servoing the pump power for f0 stabilization.
6.7 Conclusions
Cr:forsterite laser-based frequency combs have historically exhibited wide f0 beatnote linewidths
(wf0), which limit the comb’s usefulness for frequency metrology. The insertion of a knife
edge in the Fourier plane of the prism pair dramatically reduces the wf0 and reduces one’s
ability to control f0 with pump power. To both narrow and control f0, it is likely that the
technique of tilting the highly reflecting mirror in the Fourier plane commonly used with
Ti: Sapphire lasers, in conjunction with the KE, would lead to narrow and phase-stabilized
wf0 beats [156].
To better understand the cause of the dramatic narrowing in wf0 , we characterized the
response of f0 to pump power fluctuations, and integrated the relevant product of power
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spectral noise density and response to obtain the predicted ∆f0. While this approach has
been used to predict wf0 in Er-doped fiber lasers, it did not predict a significant change in
the Cr:forsterite lasers wf0 . This may be due to the large fluctuations in pump power that
we employed in order to measure df0/dP , which masks the small df0/dP over a very small
range of powers. The theoretical expression based on laser relative intensity noise does not
explain the observed narrowing, but may indicate that other noise processes may contribute
to wf0 .
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Chapter 7
Conclusions and Outlook
7.1 Conclusions
This thesis work is focused on developing an optically referenced frequency comb based on
a low power, low repetition rate erbium-doped fiber laser. The ultimate goal is toward a
portable all-fiber frequency reference system.
In the process of building this optically referenced comb, we have successfully demon-
strated saturated absorption spectroscopy (SAS) inside an acetylene-filled hollow-core fiber
using an amplified comb tooth directly. The major challenge for direct comb spectroscopy for
a fiber-based laser frequency comb is significant comb power amplification from nW/tooth
to mW/tooth level (by a factor of 106) required by performing SAS. This has been achieved
by building multiple filtering and amplification stages.
In the first amplification stage, two erbium-doped fiber amplifiers (EDFAs) were devel-
oped. Because our wavelength of interest ( ∼ 1532-1539 nm) is on the edge of the oscillator
output spectrum, the first short-pulse amplifier was designed to broaden the oscillator out-
put spectrum. Although we have gained enough optical power from this highly backward
pumped EDFA, tremendous amplified spontaneous emission (ASE) noise was also intro-
duced due to the backward pumping scheme, resulting in a degraded comb signal-to-noise
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ratio (SNR). We found that the key to a low noise power amplification is to amplify a narrow
spectral bandwidth of the comb around our target wavelength by a small gain amplifier.
By building multiple ”spectral filtering + small gain amplification” stages, a high gain, low
noise amplification scheme can be achieved. Moreover, a forward pumping scheme prevents
introducing excessive ASE noise. Our second design of a small gain CW EDFA successfully
amplifies the comb power by 22 dB (a factor of 158) while preserving the comb SNR.
The isolation of a single comb tooth from the 89 MHz fiber laser is accomplished in two
steps. First, a Fabry-Perot (FP) filtering cavity is locked to the comb using the Pound-
Drever-Hall (PDH) locking technique, resulting in a repetition rate multiplication from the
original 89 MHz to 9.4 GHz, matching the free spectral range (FSR) of the filtering cavity.
Second, when the 9.4 GHz comb passes through a spectral filter, the fiber Bragg grating
(FBG), which has a 7 GHz bandwidth around our target wavelength, a single comb tooth
can be isolated with an optical power of tens of µm.
The last amplification stage is done by seeding the isolated comb tooth into a distributed-
feedback (DFB) laser diode such that the DFB laser can be injection locked to the seeding
comb tooth. This last step further boosts the single tooth power up to 40 mW, sufficient
for SAS. It is critical to have a single comb tooth with optical power above the locking
threshold for stable injection locking. Tests done with CW lasers verify that seeding the
DFB laser with multiple comb teeth can cause mode competition and lead to an unstable
injection locking signal.
Using the amplified comb tooth as the laser source, SAS has been performed inside an
acetylene-filled hollow-core kagome fiber. A narrow sub-Doppler feature of 17 MHz was
observed, which is comparable to the sub-Doppler linewidth obtained using a CW laser as
the source. The comb tooth was stabilized to this sub-Doppler feature by implementing
frequency modulation (FM) spectroscopy. This fast frequency modulation technique allows
the useful signal to be moved to a high modulation frequency region and later demodulated
to DC frequency, in which case the signal is not contaminated by low frequency noise. This
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results a high SNR ( ∼ 150 with 4 kHz bandwidth) of the sub-Doppler error signal, allowing
stable locking for tens of hours.
With a single comb tooth stabilized to the P(23) ν1+ν3 overtone transition line of
12C2H2
at ∼ 1539.4 nm, while the carrier-envelope offset frequency f0 is locked to an RF reference
(the GPS-disciplined Rb (GPS/Rb) oscillator), the fiber laser frequency comb is fully stabi-
lized. The comb stability is investigated by comparing a CW reference at 1532.8 nm. The
results show a short-term stability of 6 × 10−12 at 100 ms gate time, which is superior to that
of the GPS/Rb oscillator by over an order of magnitude. At longer time scales, slow drift on
the order of kHz/hour was observed. So far, we have not had a concrete conclusion of what
effect(s) cause the drift. Based on the tests we have done, this slow drift is independent
of temperature, humidity or vacuum leaking. It is possibly caused by the gain-dependent
offset in our servo system for the single tooth locking. Further investigations are needed to
confirm this possibility.
Compared with long term stability, the short term stability result of our comb is more
significant for a portable reference. The fact that it is over an order of magnitude better
than the GPS/Rb oscillator indicates that the optically-referenced comb we built can have
better stability in practical applications without accessing the GPS signals. With improved
portability, this fiber frequency comb system could serve as a portable optical frequency
reference for a broad spectral range that covers near infrared telecom wavelengths.
7.2 Outlook
Toward our goal of building an all-fiber portable optical frequency reference, there are a
few future directions in terms of improving the portability of the entire system. There are
three free space sections in our current setup: 1) the f-2f interferometer for f0 generation,
2) the Fabry-Perot cavity for comb filtering, and 3) the vacuum-chamber-based SAS setup
(Figure 2.2) for single tooth stabilization. One direction for future work involves replacing
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these free space setups by fiber-based components, for example, replacing the vacuum-
chambers-based setup by an all-fiber photonic microcell reference. Other future directions
could be to use alternative comb stabilization schemes, which could make the system simpler,
but adds other requirements in order to ensure the reference performance at the same time.
In the following paragraphs, I will address these directions in details.
The idea of an all-fiber microcell references is that, instead of installing the gas-filled
hollow-core fiber in vacuum chambers, a pair of solid-core single mode fibers (SMF) can be
spliced to both ends of the hollow-core fiber, with a low pressure acetylene sealed inside.
These fiber cell references have advantages of being alignment free, low cost, light weight,
and extremely portable. Stabilizing a fiber comb system to such a fiber cell will provide a
portable comb system as a broad spectrum optical reference. The main challenge of making
such a fiber cell is the technique for splicing the hollow-core fiber to SMF. First, the splice
has to be made within a short time scale (typically less than one minute or shorter) to
avoid air contamination during the splicing process, as the sub-Doppler error signal is very
sensitive to even small amounts of contamination. Second, angle splicing is preferred (versus
normal splicing) to prevent fiber cells suffering from pump reflections off the flat splicing
interface. Angle splicing for hollow-core fibers is very difficult because cleaving the hollow-
core fiber at an angle tends to damage the hollow-core structure of the fiber and introduce
high loss. The current technique is to overpressure the hollow-core fiber with helium gas
up to several atmospheres (atms) after loading acetylene, and a quick splice can be made
while helium diffuses out from the fiber’s open end. After sealing the cell, excessive helium
diffuses slowly (up to a few days) through the side of the hollow-core fiber, leaving only
acetylene inside. A few fiber cells are made successfully in this way [38], with short-term
stability worse than the vacuum-chamber-based system by less than a factor of ten. The
worse stability is mostly due to a broader linewidth caused by the fiber core size or air
contamination, and a lower SNR of the sub-Doppler error signal. With the development of
fiber splicers, it is possible that difficulties such as angle cleave and reduction in splicing
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time for hollow-core fibers can be overcome in the near future.
In order to make the reference system simpler and more portable, two other comb sta-
bilization schemes can be utilized to realize an optically referenced comb. One method is
to lock frep to an RF reference while locking a single tooth to an optical transition. The
benefit of this locking scheme is that the generation of f0 becomes unnecessary, which cuts
down almost 30 % of the overall system complexity. In our case, this also makes the comb
amplification process easier because all the oscillator output (instead of 9.5 % of the total
output) can be used for single tooth amplification. Based on the discussion in Section 5.1.3,
the disadvantage of this locking scheme is that one has to use an RF reference better than
a GPS/Rb oscillator, such as a hydrogen maser in our case, to have an RF uncertainties
induced by frep locking less than the uncertainties caused by the optical reference. This
obviously adds to the overall cost of the reference system.
The other promising comb locking scheme is to lock two comb teeth to different optical
absorption lines. By integrating two fiber-cells as the optical references, the system can
be made simpler, more portable and less expensive without the RF reference. However,
this two comb teeth locking approach can be challenging, because based on the calculations
in Section 5.1.4, the wavelength separation of these two comb teeth has to be over 100
nm to achieve a comb stability that does not degrade too fast with wavelength. This
can be practically difficult since the standard gases for referencing purposes near telecom
wavelengths have a limited absorption bandwidth of less than 100 nm [138]. Therefore, a gas
other than acetylene needs to be chosen. The uncertainty of referencing a comb tooth to an
optical reference largely depends on the sub-Doppler error signal, which is in turn affected
by various factors, such as absorption strengths and pressure broadening coefficients. If a
suitable absorption line can be found, it would be very promising to have a portable comb
reference system with stability performance comparable to the other two locking schemes
(f0 + single tooth, and frep + single tooth), but with the lowest cost and the least system
complexity.
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Appendix A
VIPA Calculation
A.1 Introduction to VIPA
In order to resolve a single comb tooth, a useful tool for high spectral resolution is the
virtually-imaged phase array (VIPA) spectrometer. It was invented in 1996 by M. Shi-
rasaki [13]. The inset picture in Figure A.1 shows the basic working principle of the VIPA.
Collimated light is focused into a line by a cylindrical lens and enters the VIPA through its
window area. At the back surface, light of different wavelengths emerges at different angles.
A more detailed mechanism can be explained from the side view of the VIPA, shown
in Figure A.1. It consists of two reflective glass plates, and can be viewed as a modified
Fabry-Perot interferometer. The back surface is coated with a partially reflective film (e.g.
95%); the front surface is coated with an almost 100% reflective film except in a window
area, which is AR coated. A collimated laser source is focused into this window. Due to the
high reflectivity of the front surface, the laser beam experiences multiple reflections back
and forth, each reflection having a diverging output beam. These multiple output beams
with constant phase difference can interfere with each other. Since this phase difference is
frequency-dependent, the direction of the output beam also varies with frequency. Therefore,
the VIPA functions as a spectral disperser. The free spectral range of the VIPA is determined
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by its thickness and index of refraction. The name of the VIPA comes from the fact that it
operates as if there were multiple virtual sources interfering with each other as in a phased
array. The direction of the output beam depends on the phase difference between these
virtual sources. The major advantage of the VIPA is that the interference of the array
can give rise to a large angular dispersion. In combination with a diffraction grating, the
spectral resolution can reach GHz level [165], which is 20 times larger than regular optical
gratings [13].
Figure A.1: Schematic digram of virtually-imaged phase array (VIPA) structure adapted
from Figure 1 and 2 from Ref [13].
Since the dispersion angle is very sensitive to the accumulated phase difference between
beam paths, one big challenge for VIPA fabrication is the material index uniformity. A great
amount of polishing precision is required to minimize the integrated optical path length error,
which results in high cost. For a commercial 50 GHz VIPA (market price ∼ $10,000), the
thickness is 1.5 mm with a refractive index nr ≈ 2. However, for a 5 GHz VIPA, which we
proposed for a potential resolution of sub-100 MHz in combination with a 50 GHz VIPA, the
207
thickness would be ten times larger. The fabrication of a 5 GHz VIPA is more challenging
and beyond the manufacturer’s capability at time of our last communication in 2011.
A.2 Resolution calculation for single VIPA
Consider a beam that passes through one VIPA, the intensity distribution of the output
beam according to Xiao et al. (Opt. Express Vol 12, p2899(2004)) is
Iout(y, k,∆) ∝ exp(−2f
2
c y
2
f 2W 2
)× 1
(1−Rr)2 + 4(Rr) sin2(k∆/2) (A.1)
In this equation, y is the displacement in y direction on detector plane. fc and f are the
focal lengths of the cylindrical and imaging lenses, W is the incident beam radius, R and r
are the high and partial reflectivities of VIPA surfaces, and k = 2pi/λ is the wave number
of the beam. ∆ is the parameter that determines VIPA dispersion and is given by
∆(y, λ, θ(ν)) = 2tnr cos θν − 2ttan θν cos θiνy
f
− t cos θνy
2
nr(λ)f 2
(A.2)
Here, t is the etalon thickness, nr is the index of refraction, θiν is the incident angle of the
focused beam on the VIPA, and θν is the propagation angle of the beam inside the VIPA.
The incident and internal propagation angles of beam are related according to Snell’s law
nr(λ) sin θν = sin θiν (A.3)
According to Eqn A.1, constructive interference happens when the phase-matching condition
is satisfied
k∆ = 2mpi (A.4)
Here m is the mode order of VIPA transmission. This is derived as spectral dispersion law
for the VIPA by Xiao et al. We know that maximum intensity occurs when sin2(k∆/2)
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reaches the minimum value of zero when
1
(1−Rr)2 + 4(Rr) sin2(k∆/2) =
1
(1−Rr)2 (A.5)
At the same position y0, the transmitted intensity Iout is reduced from Imax to Imax/2 when
(1−Rr)2 = 4(Rr) sin2(k∆/2) (A.6)
This is equivalent to
sin2(
k∆
2
) =
(1−Rr)2
4(Rr)
= constant (A.7)
Figure A.2: Definition of “resolution” for two Lorenzian modes. Here, k1 and k2 are the
two wave vectors.
For a frequency comb input, “resolution” is defined as the separation of two adjacent
comb teeth with wave number k1, k2 when they overlapped at the FWHM point, as shown
in Figure A.2. This overlapping point belongs to both curves. So now we will let k1, k2
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satisfy this condition and then solve for the separation |k1 − k2|.
sin2(θ1) =
(1−Rr)2
4Rr
and sin2(θ2) =
(1−Rr)2
4Rr
(A.8)
where
θ1 =
k1∆
2
and θ2 =
k2∆
2
(A.9)
Lets define
α =
k∆
2
= ± arcsin 1−Rr
2
√
Rr
(A.10)
Since
1−Rr
2
√
Rr
≈ 0 , so α is a small angle close to zero. A possible solution to Eqn A.8 is
when the separation is twice of the angle α, that is
θ1 − θ2 = α− (−α) = 2α (A.11)
This is equivalent to say
∆
2
(k1 − k2) = 2α, or k1 − k2 = 4α
∆
. (A.12)
Recall that k = ω/c , where the angular frequency ω = 2pif . Substitute both relations
into Eqn A.12. We have the resolution
∆f = f1 − f2 = 4α
∆
× c
2pi
=
2αc
pi∆
(A.13)
which is the minimum frequency separation that a VIPA can resolve. As a final result,
VIPA resolution =
2 arcsin
1−Rr
2
√
Rr
× c
pi ×∆ (A.14)
From Eqn A.14 and Eqn A.2, we can see the VIPA resolution depends on three parameters:
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highly reflectivity, partial reflectivity and output angle, which determines the dispersion
parameter ∆. Calculation shows that VIPA resolution is not sensitive to the output angle
but very sensitive to the coating reflectivity. Table A.1 lists a few calculation results.
FSR = 50 GHz
Highly Reflectivity 99.5% 100% 99.5% 99.5% 99.5%
Partial Reflectivity 96% 96% 95% 96% 96%
Incident angle 2◦ 2◦ 2◦ 10◦ 0.1◦
VIPA Resolution
@ 0◦ output angle
729.7 MHz 649.9 MHz 896.5 MHz 732.4 MHz 729.6 MHz
VIPA Resolution
@ 5◦ output angle
731 MHz 651 MHz 898 MHz 735.8 MHz 730.3 MHz
AVG Resolution 730 MHz 650 MHz 897 MHz 734 MHz 730 MHz
Table A.1: A 50 GHz VIPA resolution under various parameters. The resolution of a 5
GHz VIPA is 10% of that of 50 GHz VIPA under the same parameter setting.
A.3 Derivation of grating equation for cross-VIPA
Based on the calculation above, the 5 GHz VIPA has a calculated resolution of less than 100
MHz. Using the combination of 5 GHz and 50 GHz VIPA in an orthogonal configuration,
as shown in Figure A.3, we could possibly spectrally resolve individual comb teeth in a
two-dimensional manner.
The first cylindrical lens focuses a collimated beam from a frequency comb with a rep-
etition rate of 100 MHz into a 5 GHz VIPA. The second cylindrical lens is used to focus
the light emerged at the first VIPA into the input window of the second VIPA. At this
point, each individual comb tooth is focused into a line spatially separated from adjacent
teeth, but only up to 5 GHz, which is limited by the free spectral range of the first VIPA.
For an input with spectral bandwidth greater than 5 GHz, the output modes are spatially
superimposed on the previous resolved lines. The second 50 GHz VIPA has a resolution
smaller than 5 GHz, thus is capable of resolving these overlapped modes. As a result, the
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cross-VIPA spectrometer is acting as a frequency comb “brush” as in ref [165] to map out
an array of dots on the detector, representing individual comb tooth.
Figure A.3: Proposed Cross-VIPA setup for sub 100 MHz spectral resolution.
In this section, I will derive the dispersion equation for the crossed-VIPA spectrometer.
The following calculation is for an air-spaced VIPA under the plane wave approximation.
Figure A.4 (a) shows that light of different wavelengths (or k vectors) enters the first VIPA
through the window, as indicated by arrows of different colors. All k vectors lie on the
same plane which is perpendicular to the VIPA surface. At the first VIPA output, light of
different wavelengths emerges at different angles, with all k vectors still in the same plane
and perpendicular to the cylindrical lens. Figure A.4 (b) and (c) show with different k vector
is focused by the cylindrical lens into a line incident on the window of the second VIPA.
Because different k vectors have different input angle with respect to the front surface of the
second VIPA, light travels in different planes inside the second VIPA. As shown in Figure
A.4 (b) and (d), the green light travels on a plane that is parallel to the bottom surface
of the VIPA, while the blue light travels on a plane that has an angle with respect to the
bottom surface of VIPA.
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Figure A.4: The ray tracing diagram illustrating how light of different wavelengths (or k
vectors, represented by arrows in different colors in the graph) propagates before and after
the two VIPAs.
In order to derive the grating equation for this cross-VIPA configuration, we need to
figure out the path length difference between two successive light paths for an arbitrary k
vector. Figure A.5 (a) shows the 3D ray tracing diagram for an arbitrary k vector travelling
inside the second VIPA on plane OCGF .
−−→
CH is the input k vector, while
−−→
HE is one of the
paths for the output beam, with θout being the output angle. Here we define two angles θ
and φ for the input k vector projected on the zx and yz plane:
θ = ∠OCA, and φ = ∠OCB (A.15)
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Figure A.5: (a) The ray tracing diagram for an arbitrary k vector (blue arrow) travelling
inside the second VIPA. (b) Zoom in of (a). (c) The top view of plane CGFH in (a).
The incident angle is
θinc = ∠OCH (A.16)
If we move the output vector
−−→
HE to be coincident with the input vector
−−→
CH, Figure A.5
(b) shows the zoomed-in picture of the geometrical relationship. In this picture, the VIPA
thickness is represented by |OC| = t. We define the first travel distance for k as d′ = |CH|.
Therefore,
d′ = |CH| =
√
|OC|2 + |OH|2 =
√
|OC|2 + |OB|2 + |BH|2 (A.17)
Using the relationship |OB| = |OC| tanφ, and |BH| = |OA| = |OC| tan θ, Equation B.3
becomes
d′ = |CH| = t
√
1 + tan2 θ + tan2 φ (A.18)
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Therefore, the incident angle can be expressed in terms of θ and φ.
sin θinc =
|OH|
|CH| =
|OB|+ |BH|
d′
=
√
tan2 θ + tan2 φ√
1 + tan2 θ + tan2 φ
(A.19)
Figure A.5 (c) is the top view of plane CGFH. |HF | can be written as
|HF | = 2d′ sin θinc = 2t
√
tan2 θ + tan2 φ (A.20)
Therefore, the path length difference is
∆ = 2d′ − |EH| = 2t(
√
1 + tan2 θ + tan2 φ+
√
tan2 θ + tan2 φ sin θout) (A.21)
Now we need to express θout in terms of θ and φ. We know that the input angle θinc =
θinc(θ, φ). Similarly, the output angle θout = θout(θ1, φ), where θ1 is the projection angle of
θout on the zx plane angle (Figure A.5 (b)), which is
θ1 = ∠OCI (A.22)
Similar to Equation B.5, we have
sin θout =
√
tan2 θ1 + tan
2 φ√
1 + tan2 θ1 + tan
2 φ
(A.23)
If we define the dispersion angle θλ to be the difference between the two projected angles
by θinc and θout on the zx plane, that is
θλ = θ1 − θ (A.24)
We can rewrite Equation B.6 in terms of θ, φ and θλ. That gives us the dispersion equation
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for cross-VIPA:
∆ = 2t(
√
1 + tan2 θ + tan2 φ+
√
tan2 θ + tan2 φ
√
tan2(θλ + θ) + tan
2 φ√
1 + tan2(θλ + θ) + tan
2 φ
)
= mλ
(A.25)
where θ, φ and θλ are defined by Equation B.1 and A.24.
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Appendix B
Transmission Grating Calculation
B.1 Introduction to Gratings
A grating spectrometer consists of a diffraction grating, an imaging lens and a detector, as
shown in Figure B.1. To calculate the expression for the grating spectral resolution, we will
first introduce several properties of a grating spectrometer.
For a typical diffraction grating, the incident angle θi and diffraction angle θd is related
by the grating equation
mλ = d(sin θd − sin θi) (B.1)
where m is the order of the diffracted light, λ is the wavelength for the incident light, and
d is the grating period (inverse of the # of lines/mm). The diffraction angle is then
θd = arcsin(
mλ+ d sin θi
d
) (B.2)
In order to find the expression for the grating spectral resolution, we need to know the
frequency-dependent spatial intensity distribution of light in the detector plane, which is
given by Ref [166]
Idet(x, ω) ∝ Iin(ω˜) exp −2(x− αω˜
2)
w20
(B.3)
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Figure B.1: A transmission grating spectrometer setup.
where x is the one dimensional displacement on the detector, ω˜ = ω − ω0 is the offset from
the central angular frequency ω0 of the detector, Iin is the input spectrum, and α is the
spatial dispersion with units of cm(rad/s)−1, also called the grating parameter. Assuming
diffraction order m=1,
α =
dx
dω
=
λ2f
2picd cos θd
, (B.4)
where w0 is the 1/e
2 beam waist at the detector, expressed as
w0 =
cos θi
cos θd
fλ
piwin
. (B.5)
where win is the input beam radius before the grating. Based on the intensity distribution
(Eqn B.3), if we choose the resolution condition to occur when the two spots are separated
by a 1/e2 beam diameter, the spatial separation on the detector between two resolved comb
teeth is:
∆x = 2× ω0 (B.6)
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Using the grating parameter derived in B.4, the corresponding frequency separation between
these two resolved teeth is:
∆ω =
∆x
α
(B.7)
Plug B.4, B.5 and B.6 into B.7. We can have the maximum spectral resolution for first-order
diffraction as
∆νres = ∆ω =
2cd cos θi
piwinλ
(B.8)
B.2 Spectral Resolution
To choose an appropriate grating for high spectral resolution, I will show a few calculation
results, which help illustrate the guidelines. In the end of this section, I will show the
experimental result of 22 GHz resolution we have achieved using a transmission grating.
Figure B.2: The diffraction angle for a reflection grating as a function of incident angle
for different groove densities. Diffraction order m = -1. θi means normal incidence.
The spectral resolution of a diffraction grating depends on a number of factors: (1) the
incident angle, (2) the diffraction order number m, (3) the groove density, and mostly im-
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portantly (4) the beam size. For grating efficiency considerations, the first order diffraction
m = ±1 is preferred in most cases, but it does not necessarily give the best resolution. A
low groove density grating could have a better spectral resolution than a high groove den-
sity grating, if proper incident angle and beam size are used. But in general, a large beam
size would result in a better resolution. It is noteworthy that the spectral resolution is not
affected by the focusing lens after the grating, which only determines the spatial resolution,
as well as the focused beam size on the detector.
The first step of selecting a grating is to calculate usable incident angles at the wavelength
of interest for all possible groove densities, based on the grating equation. Figure B.2
shows all possible incident angles for the first-order diffraction for different groove density
at wavelength 1532 nm.
Figure B.3: The calculated spectral resolution for a reflection grating as a function of
incident angle for different groove densities. Diffraction order m = -1, 1/e2 (13%) input
beam diameter is 4 mm, focal length 150 mm.
With a constant 1/e2 beam diameter of 8 mm, the spectral resolution of gratings for
different groove densities is calculated in Figure B.3. The calculation shows a limited range
of useful incident angles for each curve. This is because for high groove density, low incident
angles give un-defined diffraction angles based on the grating equation B.2, as shown in
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Figure B.2. Keep in mind that the 1/e2 criteria is 13% of the maximum intensity. To
achieve 1% of max beam intensity, the actual beam size will be much larger than the beam
size calculated based on the 1/e2 critiria. In this case, the actual beam size is about 12 mm.
Angular dispersion is an important parameter that most grating companies will provide
on the grating spec sheet. It is determined by : m × N/cos(diffraction angle), where m is
the order number, N is the groove density. Angular dispersion has different units of rad/nm,
nm/mrad, deg/nm, nm/deg. Figure B.4 gives the angular dispersion calculation for different
groove densities.
Figure B.4: [The calculated angular dispersion for a transmission grating as a function of
incident angle for different groove densities. Diffraction order m = -1.
The transmission grating we bought is from Kaiser Optics Systems Inc. with 940
lines/mm, coating size 12.5 mm × 20 mm. Figure B.5 shows the experimental setup for
spectral filtering using this grating. The output beam from the Fabry-Perot cavity contain-
ing a 2 GHz comb is collimated and directed into free space, followed by a beam expander
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to enlarge the beam size to about 4 mm in waist, before it incidents on the transmission
grating at a 45◦ angle. The diffracted beam is then focused into a line of dots on a focal
plane by a 40 mm focusing lens. Implementing a movable slit at the focal plane allows the
selection of only a limited number of dots to be coupled back into the output fiber.
Figure B.5: Schematic setup for transmission grating. LAPD: large-area photodetector.
Figure B.6 shows the optical spectrum obtained at the output. It shows a minimum
spectral bandwidth of 22 GHz, measured based on the resolution of the spectrum analyzer,
which is 6 GHz shown in the grey dashed curve in Figure B.6. This result matches well with
the calculated resolution of 23.3 GHz from B.5 using the following parameters: 4 mm input
beam waist, 45◦ incident angle, groove density of 940 lines/mm and wavelength of 1532.8
nm.
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Figure B.6: Measured optical spectrum of a 2 GHz frequency comb spectrally filtered by
the “transmission grating + slit” spectrometer, representing the spectral resolution of the
transmission grating. The dashed grey curve is the optical spectrum from a kHz linewidth
fiber laser, which represents the OSA resolution.
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